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Abstract—The vessel-train formation composed of multiple ma-
rine surface vehicles (MSVs) is an economical and feasible mode
to improve the effectiveness of waterborne transportation. This
paper investigates the performance-prescribed vessel-train for-
mation of path-guided underactuated MSVs subject to unknown
kinetics, input saturation, and actuator faults. We develop a
saturation-tolerant prescribed control method for implementing
the vessel-train formation along a parameterized path. Specifically,
at the kinematic level, a saturation-tolerant prescribed perfor-
mance (SPP) function is constructed by introducing non-negative
modified variables to not only restrict tracking errors but also
avoid possible violations because of input saturation and actuator
faults. Then, the surge and yaw tunnel guidance laws based on
the transformed errors are derived to achieve position and heading
tracking under SPP constraints. At the kinetic level, the saturation-
tolerant control laws are designed using the identified kinetics from
echo state network-based estimators. By the Lyapunov stability
analysis, all error signals of the proposed closed-loop system are
proven to be uniformly ultimately bounded and evolve within SPP
constraints against input saturation and actuator faults. Finally,
simulation results are conducted to illustrate the effectiveness of
the proposed saturation-tolerant tunnel prescribed control method
for vessel-train formation.

Index Terms—Actuator faults, input saturation, marine surface
vehicles, tunnel prescribed performance, vessel-train formation.

I. INTRODUCTION

A S A maritime cooperation mode, the formation of ma-
rine surface vehicles (MSVs) has been an increasingly
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promising trend, celebrated for its advantages in efficiency, reli-
abilities and robustness [1], [2], [3]. To facilitate the waterborne
transportation, multiple marine vessels are deployed to form a
train-like cooperative pattern called as the vessel-train forma-
tion, which is allowed to access narrow waterways [5] and [6].
A fundamental issue in implementing this specific formation is
to derive the control law for every vessel to establish and sustain
a predefined spatial configuration.

The formation control problem of marine vehicles has at-
tracted considerable attention and yielded diverse research re-
sults, which explored various approaches including neural net-
work [7], [8], [9], fuzzy logic system [10], [11], [12], [13],
observers [14] and [15], and learning [16] and [17], etc. In [18],
a graph-based coordinated path following the control method
is presented for underactuated ships subject to constant dis-
turbances. In [19], a modular cooperative path maneuvering
controller is developed to form the multi-vessel queue formation
between two virtual leaders along an open curve. As an expan-
sion of [19], [20] proposes a ring-networked control scheme
for the symmetric formation on a closed curve. To accom-
modate width-varying waterways, [21] proposes a formation
scaling control method based on bearing rigidity theory. To
enhance the flexibility of formation, [22] investigates a two-level
distributed time-varying formation control architecture under
the fixed topology. Note that the aforementioned results pay
more attention to the cooperative mission but ignore the control
performance. In [23], the performance indices of MSVs with
individual objectives are studied to reach the Nash equilibrium
using the noncooperative game. Under the game framework, [24]
and [25] present the distributed optimal formation results for
fully-actuated MSVs. Though these schemes in [18], [19], [20],
[21], [22], [23], [24], [25] can be employed to implement the
vessel-train formation, it ensures that tracking errors converge
to a size-unknown residual set. When operating on narrow
waterways such as inland waterways and sea-river, it is both
worthwhile and critical to explicitly preconfigure the conver-
gence rate, overshoot, and steady-state accuracy for MSVs.

Known for being effective tools to configure performance
indices in prior, prescribed performance control (PPC) in [26]
and funnel control (FC) in [27] are proposed to restrict the system
state or tracking error within a predefined small residual set.
Over the past decade, a variety of applications and evolutions of
the standard PPCs and FCs have been reported in the formation
control problem. Specifically, [28] and [29] consider the limited
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sensing range for MSVs and define the collision avoidance-
and connectivity maintenance-related PPC constraints for the
leader-follower formation control. Similar to the performance
functions in [28] and [29], [30] develops a robust formation
control method using only relative distance and angle among
MSVs. The state-feedback PPC schemes in [28], [29], [30]
rely on the velocity signals of marine vehicles from sensors
or networks. To get rid of dependence on the velocity, some
velocity-estimated control schemes are derived to achieve the
velocity-unavailable performance-guaranteed formation such as
high-gain observers [31] and [32], fuzzy state observers [33]
and [34], and disturbance observers [35] and [36]. To further
enhance the property of convergence time, [37], [38], [39]
improve the traditional performance functions as the finite-time
PPC with the presetting time convergence. Besides the con-
vergence time, it is desirable to guarantee the small overshoot
of the dynamic system in [40] and [41]. Different from the
above schemes, the prescribed performance objective can be
achieved by formulating a quadratic program problem subject to
control barrier function-based constraints. Model uncertainties
and environmental disturbances are considered in the mentioned
control schemes. For marine vehicles, it is also inevitable that
thrusters are subject to the input saturation [44] and potential
faults [45]. The impact of saturation may cause the formation
error to exceed the performance function envelopes, leading to
undesirable behaviors or even potential instabilities. In [42],
[43], fault-tolerant tracking control methods are derived for
the formation of MSVs with both actuator faults and PPC
constraints. In [46] and [47], the smooth switching function is
employed to avoid the possible violation owing to the input
saturation. In practical applications, the mentioned methods
are seldom directly employed in vessel-train formation since
MSVs are usually governed by surge and yaw actuators and
are not equipped with sway ones. Note that control methods
proposed in [28], [29], [30], [31], [32], [33], [34], [35], [36], [37],
[42], [43], [45], [46], [47] do not take into account both input
saturation and actuator faults in the performance-guaranteed
formation of MSVs.

This paper focuses on the tunnel prescribed control for the
vessel-train formation of uncertain underactuated MSVs with
input saturation and actuator faults. The main contributions of
this paper are summarized as below.
� Compared with the existing formation control methods

proposed in [18], [19], [20], [21], this paper develops a
saturation-tolerant tunnel prescribed control method that
both achieves the vessel-train formation of underactuated
MSVs and guarantees the predefined performance under
input saturation and actuator faults. The path-guided con-
trol scheme enables decoupling cooperation and tracking
objectives to enhance the flexibility of the formation.

� Compared with existing PPCs and FCs in [26], [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36], [37], [39],
[40], [42], [43], [45], [46] with standard envelopes, we
design saturation-tolerant prescribed performance (SPP)
functions to impose more strict and flexible performance
constraints on underactuated MSVs. Under the tuning of
auxiliary systems, the presented SPP not only achieves a

Fig. 1. Illustration of the vessel-train formation on waterways.

small overshoot but also autonomously scales the behavior
boundaries against the input saturation.

� Different from saturation or fault compensation schemes,
we derive the saturation-tolerant surge and yaw control
laws for underactuated MSVs using echo state network-
based (ESN-based) estimators, which can ensure that the
formation errors evolve within the SPP envelopes in the
presence of unknown kinetics, input saturation, and actua-
tor faults.

Notations: Let I1:n be a integer set {1, ..., n}. 0m×n repre-
sents an m× n-dimensional zero matrix. diag{· · · } is a block-
diagonal matrix. ‖ · ‖ denotes the Euclidean norm of a vector
or matrix. λ̄(·) and λ(·) represent the maximum and minimum
eigenvalues of a matrix, respectively.

II. PROBLEM FORMULATION

Consider a vessel-train formation containing one super leader
and N follower MSVs depicted in Fig. 1. In reference to body-
fixed reference frame {B} and earth-fixed reference frame {E},
the motion dynamics of MSV i for i ∈ I1:N is expressed as [48]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi = ui cosψi − vi sinψi

ẏi = ui sinψi + vi cosψi

ψ̇i = wi

miuu̇i = fiu(ui, vi, wi) + τiu + τdiu
miv v̇i = fiv(ui, vi, wi) + τdiv
miwẇi = fiw(ui, vi, wi) + τiw + τdiw

(1)

where pi = [xi, yi]
� ∈ �2 is the position and ψi ∈ � is the

yaw angle in {E}. ui, vi, wi ∈ � denote the surge, sway, and
yaw velocities in {B}, respectively. fiu(·), fiv(·), fiw(·) ∈ �
are unknown functions governed by Coriolis/centripetal force
and hydrodynamic damping effects. miu, miv , miw ∈ �+ are
inertia masses. τdiu, τ

d
iv, τ

d
iw ∈ � are bounded environmental

disturbances caused by wind, wave, and current; τiu, τiw ∈ �
denote the surge force and yaw moment, respectively. In practice,
the actuators of MSVs may suffer from the input saturation and
fault, which can be modeled by

τij = γij(t, t0)hij(τ
s
ij) + τfij(t, t1), j = u,w (2)
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whereγij(t, t0) ∈ � is an actuator effectiveness with t0 being the
initial time. τfij(t, t1) represents the additive fault segment with
t1 ∈ �+. hij(τsij) is a nonlinear saturation function described
by

hij(τ
s
ij) =

⎧⎪⎨
⎪⎩
τ̄ij , τsij ≥ τ̄ij

τsij , τ ij ≤ τsij ≤ τ̄ij

τ ij , τsij ≤ τ ij

(3)

where τsij is the desired control signal. τ̄ij , τ ij ∈ � are the upper
and lower bounds.

In the vessel-train formation, considerN virtual leaders mov-
ing along a predefined path pd(θi) = [xd(θi), yd(θi)]

� ∈ �2

with θi ∈ � being a path parameter for i ∈ I1:N . The dynamics
of θi is presented by θ̇i = vs −�i, where vs is the update speed
of the super leader θ0 and �i is a cooperative error to be de-
signed later. Through the communication, the path information
is delivered to every MSV, and the line-of-sight distance and
heading error of MSV i are defined as{

zip =
√

(xd(θi)− xi)2 + (yd(θi)− yi)2

ziψ = ψid − ψi
(4)

where ψid = atan2(yd(θi)− yi, xd(θi)− xi) represents the
line-of-sight angle. Note thatψid is not well-defined when zip =
0 because atan2(·, ·) is not defined at (0,0). In the subsequent,
the controller for the vessel-train formation will be designed
such that ψid is well-defined for ∀t ≥ 0.

Note that the fact xd(θi)− xi = zip cosψid and yd(θi)−
yi = zip sinψid. Then, it yields from (1) and (4) that{
żip = (xθd cosψid + yθd sinψid)θ̇i − ui cos ziψ − vi sin ziψ
żiψ = ψ̇id − wi

with xθd = ∂xd/∂θi and yθd = ∂yd/∂θi.
Since the underactuated MSV is not equipped with sway

thrusters, the subsequent design focuses on the dynamics⎧⎪⎪⎪⎨
⎪⎪⎪⎩
żip = (xθd cosψid + yθd sinψid)θ̇i − ui cos ziψ − vi sin ziψ

żiψ = ψ̇id − wi
m∗
iuu̇i = Fiu + τiu

m∗
iwẇi = Fiw + τiw

(5)

where m∗
iu and m∗

iw are nominal inertia parameters to relax
the requirement of the full knowledge of miu and miw [49].
Fiu = m∗

iu(fiu(ui, vi, wi) + τiu + τdiu)/miu − τiu and Fiw =
m∗
iw(fiw(ui, vi, wi) + τiw + τdiw)/miw − τiw.
Remark 1: The controller development for underactuated

MSV employs a polar coordinate transformation technique,
which is usually used to deal with the underactuation of marine
vehicles in [31] and [50].

The performance index to be explicitly prespecified is de-
sirable and crucial for vessel-train formation of underactuated
MSVs sailing on waterways. Because of the property of small
overshoots, tunnel prescribed performance (TPP) functions are
employed to restrict zip and ziψ such that

− zlip < zip < zrip (6)

− zliψ < ziψ < zriψ (7)

for ∀t ≥ 0, where⎧⎪⎨
⎪⎩
zrik = (δrik + sgn(zik,0))ρik(t)− ρik,∞ sgn(zik,0)

zlik = (δlik − sgn(zik,0))ρik(t) + ρik,∞ sgn(zik,0)

ρik(t) = (ρik,0 − ρik,∞)e−μikt + ρik,∞

(8)

with ρik,0 = ρik(0), ρik,∞ = limt→∞ ρik(t), ρik,0 > ρik,∞ >
0, μik ∈ �+, 0 ≤ δrik, δ

l
ik ≤ 1, and zik,0 = zik(0) for k = p, ψ.

From the definition of zip, it has zip ≥ 0 for ∀t ≥ 0. Thus, the
lower boundary function for zip is formulated as zlip = 0 to
ensure the good definition ofψid. With the aid of TPP constraints
defined by (6)–(8), the performance indices of zip and ziψ can
be explicitly given by
� convergence rate: faster than the decay rate −μik;
� bounds of overshoots: {−zlip(0), zrip(0)} and {−zliψ(0),
zriψ(0)};

� steady-state accuracy: max{0, |zrip(∞)|} and max{|zriψ
(∞)|, |zliψ(∞)|}.

This paper focuses on how to achieve the vessel-train forma-
tion with prescribed performance for a group of underactuated
MSVs suffered from actuator saturation and actuator faults.
Herein, a saturation-tolerant tunnel control method is developed
to achieve the following objectives. Specifically,
� Geometric objective: Drive the MSV i to follow the path
pd(θi) such that

lim
t→∞ |zip| < εip ∈ �+, lim

t→∞ |ziψ| < εiψ ∈ �+. (9)

Moreover, the tracking errors zip and ziψ evolve within
TPP constraint spaces when hij = τsij .

� Dynamic objective: To govern the sailing velocity and
spatial configuration, the following objectives are satisfied{

limt→∞ |θ̇i − υs| ≤ εiθ1 ∈ �+

limt→∞ |θi − θ0 − θi0| ≤ εiθ2 ∈ �+
(10)

where θi0 is a scalar deviation of path parameters with
respect to the super leader. The neighbor distances of the
vessel-train formation can be determined by θi0.

To move on, the following assumptions and lemma are need.
Assumption 1 ([51]): For marine vessels, there exist positive

constants γ
ij
∈ � and τ̄fij ∈ � such that γ

ij
≤ γij(t, t0) ≤ 1

and |τfij(t, t1)| ≤ τ̄fij for i ∈ I1:N and j = u,w.
Assumption 2: For the TPP constraints (6)–(7), the initial con-

ditions are satisfied such that zip(0) ∈ (0, zrip(0)) and ziψ(0) ∈
(−zliψ(0), zriψ(0)) at t = 0 for i ∈ I1:N .

Lemma 1 ([52]): Consider a system ẋ(t) = Kx(t) + u(t)
with the state x ∈ �m, the Metzler matrix K ∈ �m×m, and
the nonnegative input u(t) ∈ �m for x(0) ∈ �m and ∀t ≥ 0.
If x(0)≥ 0, the solution of system is unique such that x(t) ≥ 0
holds for all t ≥ 0.

III. CONTROLLER DESIGN

In this section, we propose a saturation-tolerant tunnel pre-
scribed control method including the SPPs, auxiliary systems,
tunnel guidance laws, path update law, ESN-based estimators,
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Fig. 2. Diagram block of the developed saturation-tolerant tunnel prescribed
control scheme.

Fig. 3. Comparison illustrations of TPP and SPP.

and saturation-tolerant control laws. The Diagram block of the
proposed method is presented in Fig. 2.

A. Design of Tunnel Guidance Laws

Based on TPP functions (8), we construct the SPP functions
with flexible envelopes as follows

z̄rik = zrik + λrik,1, zlik = zlik + λlik,1 (11)

where λrik,1 ∈ �≥0 and λlik,1 ∈ �≥0 are to enhance the tolerance
for the error fluctuation caused by input saturation.

According to (2) and (3), the tuning mechanism of the SPP is
given by the auxiliary system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ̇rik,1 = −(Fr
ik)

−1Fik(−�ik,1λrik,1 + λrik,2)

λ̇lik,1 = −(F l
ik)

−1Fik(�ik,1λlik,1 − λlik,2)

λ̇rik,2 = −�ik,2λrik,2 + τ̄aik
λ̇lik,2 = −�ik,2λlik,2 + τaik
τ̄aik = 1

2m∗
ij
(sgn(τsij − τ̄ij) + 1)(τsij − τ̄ij)

τaik = 1
2m∗

ij
(sgn(τsij − τ ij)− 1)(τsij − τ ij)

(12)

with λrik,1(0) = λlik,1(0) = λrik,2(0) = λlik,2(0) = 0, where
λrik,2, λlik,2 ∈ � are states of auxiliary system. Fik, Fr

ik, F l
ik ∈

� are partial derivatives to be defined later. �ik,1, �ik,2 ∈ � are
positive gains.

Remark 2: In practice, it usually needs to predeploy quan-
titative parameters ρik,0 and ρik,∞ according to the specified
requirement. However, the presence of input saturation and
actuator fault may cause tracking errors to violate the given
performance constraints since standard PPCs [53], FCs [54],
and TPPs [33] can not adaptively adjust their boundaries against
input saturation and actuator faults. Thus, it has to enlarge
the parameter ρik,∞ to tolerate the fluctuating errors, which is
illustrated by an example in Fig. 3. Inspired by [55] and [56], SPP
is designed to improve the flexibility and tolerance of boundary

functions against input saturation. It is seen from Fig. 3 that the
upper bound z̄rik of the designed SPP can be scaled to tolerate the
fluctuating errors. Under no input saturation, the TPP constraints
defined by (6)–(8) are held. Thus, the tuning mechanism is ef-
fective in guaranteeing the stability of the vessel-train formation
of marine vessels subject to input saturation and actuator faults.

To satisfy the constraint (11), zik is mapped as an uncon-
strained variable ξik via the error transformation function for-
mulated as follows

zik =
z̄rik + zlik

2
Υ(ξik) +

z̄rik − zlik
2

(13)

whereΥ(ξik) is a smooth and strictly increasing function, called
as error transformation function, with three essential properties:
limξik→∞ Υ(ξik) = 1, limξik→−∞ Υ(ξik) = −1, andΥ(0) = 0.

Then, the transformed variable ξik is yielded by taking the
inverse function of Υ(ξik) as

ξik = Υinv(zik, z̄
r
ik, z

l
ik) = tan

(π
2
Υ(ξik)

)
(14)

where Υ(ξik) = 2 arctan(ξik)/π. Then, it differentiates ξik
along with (13) and (14) as follows

ξ̇ik = Fikżik + Fr
ik
˙̄zrik + F l

ikż
l
ik (15)

with Fik = π sec2(πΥ(ξik)/2)/(z̄rik + zlik), Fr
ik =

−π sec2(πΥ(ξik)/2)(zik + zlik)/(z̄
r
ik + zlik)

2, and F l
ik =

−π sec2(πΥ(ξik)/2)(zik − z̄rik)/(z̄
r
ik + zlik)

2.
Based on (11), derivatives of ξip and ξiψ are deduced as{
ξ̇ip = Fipżip + Fr

ip(ż
r
ip + λ̇rip,1) + F l

ipλ̇
l
ip,1

ξ̇iψ = Fiψ żiψ + Fr
iψ(ż

r
iψ + λ̇riψ,1) + F l

iψ(z
l
iψ,1 + λliψ,1).

(16)

Substituting (5) into (16) yields⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ξ̇ip = Fip
(
(xθd cosψid + yθd sinψid)(vs −�i)− αiu

− uie + 2ui sin2 ziψ
2 − vi sin ziψ

)
+ Fr

ipż
r
ip

+Fip
(
�ip,1(λ

r
ip,1 − λlip,1)− λrip,2 + λlip,2

)
ξ̇iψ = Fiψ(−αiw − wie + ψ̇id) + Fr

iψ ż
r
iψ + F l

iψ ż
l
iψ

+Fiψ
(
�iψ,1(λ

r
iψ,1 − λliψ,1)− λriψ,2 + λliψ,2

)
(17)

with uie = ui − αiu and uie = wi − αiw, where αiu and αiw
are the desired surge and yaw guidance laws to be designed,
respectively.

To achieve the evolution within the SPP constraints defined
by (11), the tunnel guidance laws αiu and αiw based on (12) are
designed as⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

αiu = (xθd cosψid + yθd sinψid)θ̇i − vi sinψie
+2ui sin2 ziψ

2 + F−1
ip (kipξip + Fr

ipż
r
ip)

+�ip,1(λ
r
ip,1 − λlip,1)

αiw = ψ̇id + F−1
iψ

(
kiψξiψ + (Fr

iψ ż
r
iψ + F l

iψ ż
l
iψ)
)

+�iψ,1(λ
r
iψ,1 − λliψ,1)

(18)

where kip and kiψ are positive constants.
In the following, the path update law is developed to coor-

dinate multiple MSVs for a vessel-train formation. Under an
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undirected network environment, the coordination variable� is
derived as

�i = kiθ

⎛
⎝ N∑
j=1

aij(θi − θj − θij0) + ai0(θi − θ0 − θi0)

⎞
⎠
(19)

with θij0 = θi0 − θj0, where kiθ is a positive constant. aij
depicts the communication link between nodes i and j for
i �= j, j ∈ I0:N . If node i receives the signal from node j, then
aij = 1; otherwise, aij = 0. Additionally, the self-link of node
i is aii = 0 for i ∈ I1:N .

Letting θie = θi − θ0 − θi0, it gets from (17) and (18) that⎧⎨
⎩
ξ̇ip = −kipξip −Fip(uie − λlip,2 + λrip,2)

ξ̇iψ = −kiψξiψ −Fiψ(wie − λliψ,2 + λriψ,2)

θ̇ie = −�i.

(20)

B. Design of Saturation-Tolerant Control Laws

With the aid of the approximation ability of ESNs, the ESN-
based estimators are developed by (2) and (5) as follows⎧⎨
⎩

˙̂ui = −(ςiu + koiu)(ûi − ui) + Θ̂
�
iuϕiu +

1
m∗
iu
hiu

˙̂wi = −(ςiw + koiw)(ŵi − wi) + Θ̂
�
iwϕiw + 1

m∗
iw
hiw

(21)

where ûi and ŵi denote the estimation velocities. ςiu ∈ �+,
ςiw ∈ �+, koiu ∈ �+, and koiw ∈ �+ are the estimator coef-
ficients. Θ̂iu and Θ̂iw are the estimated weights of ESNs.
ϕiu ∈ �m and ϕiw ∈ �m are reservoir states updated by{

ϕ̇iu = T−1
iu (−biuϕiu + σiu(Θ

χ
iuχiu +Θϕ

iuϕiu))

ϕ̇iw = T−1
iw (−biwϕiw + σiw(Θ

χ
iwχiw +Θϕ

iwϕiw))
(22)

where Tiu ∈ �+ and Tiw ∈ �+ are time constants; biu ∈
�+ and biw ∈ �+ represent leaking rates; σiu(·) ∈ �m and
σiw(·) ∈ �m are activation functions; χiu = [ui(t), ui(t−
td), hiu(t)]

� andχiw = [wi(t), wi(t− td), hiw(t)]
� denote the

input vectors of ESNs with the sampling interval td ∈ �+;
Θχ
iu ∈ �m×3, Θχ

iw ∈ �m×3, Θϕ
iu ∈ �m×m, and Θϕ

iw ∈ �m×m

are the input and reservoir weights, respectively.
To update Θ̂iu, and Θ̂iw, the adaptive laws are designed as⎧⎨

⎩
˙̂
Θiu = −Γiu

(
ϕiu(ûi − ui) + kΘiuΘ̂iu

)
˙̂
Θiw = −Γiw

(
ϕiw(ŵi − wi) + kΘiwΘ̂iw

) (23)

where kΘiu ∈ �, kΘiw ∈ �, Γiu ∈ �, and Γiw ∈ � are positive
tuning coefficients.

Letting ũi = ûi − ui, w̃i = ŵi − wi be the estimation errors,
it renders along (5) and (21) that⎧⎨
⎩

˙̃ui = −(ςiu + koiu)ũi +
hiu−τiu−Fiu

m∗
iu

+ Θ̂
�
iuϕiu

˙̃wi = −(ςiw + koiw)w̃i +
hiw−τiw−Fiw

m∗
iw

+ Θ̂
�
iwϕiw

(24)

Define qiu = ûi − αiu + λrip,2 − λlip,2 and qiw =

ŵi − αiw + λriψ,2 − λliψ,2 and take their derivatives with

(12) and (21) as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

q̇iu = −(ςiu + koiu)ũi + Θ̂
�
iuϕiu +

hiu
m∗
iu

− α̇iu

−�ip,2(λrip,2 − λlip,2) + (τ̄aiu − τaiu)

q̇iw = −(ςiw + koiw)w̃i + Θ̂
�
iwϕiw + hiw

m∗
iw

− α̇iw

−�iψ,2(λriψ,2 − λliψ,2) + (τ̄aiw − τaiw).

(25)

Then, it yields from (2) and (3) that hiu = m∗
iu(τ

a
iu − τ̄aiu) +

τsiu and hiw = m∗
iw(τ

a
iw − τ̄aiw) + τsiw. The saturation-tolerant

control laws are designed as⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

τsiu = m∗
iu

(
− kiuqiu − Θ̂

�
iuϕiu + α̇iu

+Fipξip + �ip,2(λ
r
ip,2 − λlip,2)

)
τsiw = m∗

iw

(
− kiwqiw − Θ̂

�
iwϕiw + α̇iw

+Fiψξiψ + �iψ,2(λ
r
iψ,2 − λliψ,2)

)
(26)

where kiu and kiw are the positive constants.
Combining (25) with (26), one has{

q̇iu = −kiuqiu − (ςiu + koiu)ũi + Fipξip
q̇iw = −kiwqiw − (ςiw + koiw)w̃i + Fiψξiψ. (27)

IV. STABILITY ANALYSIS

This section analyzes the property of auxiliary system (12)
and the stability of the closed-loop system.

A. Analysis of Auxiliary System

The property of auxiliary system (12) is stated by the follow-
ing lemma.

Lemma 2: Consider the MSVs with dynamics (1), the SPP
(11), the auxiliary system (12), and the ETF (13). If the inequality
|τsij − hij | ≤ h̄ij with h̄ij > 0 and TPP constraints (6) and (7)
hold for ∀t ≥ 0, then 0 ≤ λrik,1, λ

l
ik,1 ≤ �−1

ik,1�
−1
ik,2h̄ij/m

∗
ij and

0 ≤ λrik,2, λ
l
ik,2 ≤ �−1

ik,2h̄ij/m
∗
ij for k = p, ψ and j = u,w.

Proof: Given that λrik,2(0), λlik,2(0) are non-negative and
�ik,2 is positive, we have λrik,2 ≥ 0 and λlik,2 ≥ 0 from Lemma
1. Furthermore, the inequality |τsij − hij | ≤ h̄ij implies that
τ̄aik ≤ h̄ij/m

∗
ij . Subsequently, (12) indicates that the dynamics

of λrik,2 is governed by λ̇rik,2 ≤ −�ik,2λrik,2 + h̄ij/m
∗
ij . When

λrik,2 ≥ �−1
ik,2h̄ij/m

∗
ij , it results in λ̇rik,2 ≤ 0, which means that

0 ≤ λrik,2 ≤ �−1
ik,2h̄ij/m

∗
ij . Similarly, the following inequality

0 ≤ λlik,2 ≤ �−1
ik,2h̄ij/m

∗
ij is also deduced.

Moreover, it follows from (11) and (13) that both
(Fr

ik)
−1Fik�ik,1 and (F l

ik)
−1Fik�ik,1 are positive. Referenc-

ing Lemma 1 again, it confirms that λrik,1 ≥ 0 and λlik,1 ≥ 0.
Since λrik,2 ≤ �−1

ik,2h̄ij/m
∗
ij , the evolution of λri,1 is described by

λ̇rik,1 ≤ −(Fr
ik)

−1Fik(−�ik,1λrik,1 + �−1
ik,2h̄ij/m

∗
ij). It is clear

that λ̇rik,1 ≤ 0 for λrik,1 ≥ �−1
ik,1�

−1
ik,2h̄ij/m

∗
ij . Therefore, it ren-

ders that 0 ≤ λrik,1 ≤ �−1
ik,1�

−1
ik,2h̄ij/m

∗
ij . An similar bound is

derived for λlik,1, namely, 0 ≤ λlik,1 ≤ �−1
ik,1�

−1
ik,2h̄ij/m

∗
ij .

In summary, auxiliary variables λrik,1, λlik,1, λrik,2, and λlik,2
are bounded by 0 ≤ λrik,1, λ

l
ik,1 ≤ �−1

ik,1�
−1
ik,2h̄ij/m

∗
ij and 0 ≤
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λrik,2, λ
l
ik,2 ≤ �−1

ik,2h̄ij/m
∗
ij for k = p, ψ and j = u,w. This

completes the property analysis of auxiliary system (12).

B. Stability of Closed-Loop System

The stability of the closed-loop system consisting of (20),
(24), and (27) is given as follows.

Theorem 1: For a vessel-train formation composed of N
underactuated MSVs (1) subject to input saturation and actuator
faults, if Assumptions 1 and 2 hold, then under the auxiliary
system (12), guidance laws (18), ESN-based estimators (21),
adaptive laws (23), and saturation-tolerant control laws (26), all
of the MSV in the formation are regulated to a small neighboring
region of the parameterized path. Moreover, formation tracking
errors do not violate SPP constraints despite input saturation and
actuator faults.

Proof: The stability analysis is concluded via the following
three steps.

B. Step 1: Choose a Lyapunov function candidate
V0 = 0.5

∑N
i=1(ũ

2
i + w̃2

i + ‖Θ̃iu‖2/Γiu + ‖Θ̃iw‖2/Γiw)

for the subsystem (24) with Θ̃iu = Θ̂iu −Θiu and
Θ̃iw = Θ̂iw −Θiw, where Θiu ∈ �m and Θiw ∈ �m
are output weights satisfying ‖Θiu‖ ≤ Θ̄iu ∈ �+ and
‖Θiw‖ ≤ Θ̄iw ∈ �+.

By utilizing the approximation ability of ESNs, unknown
functions in (5) are presented as Fiu/m∗

iu = Θ�
iuϕiu + εiu and

Fiw/m
∗
iw = Θ�

iwϕiw + εiw, where εiu and εiw denote approx-
imation errors satisfying |εiu| ≤ ε̄iu ∈ �+ and |εiw| ≤ ε̄iw ∈
�+. Then, it follows from (23) that⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Θ̂
�
iuϕiu − Fiu/m

∗
iu = Θ̃

�
iuϕiu − εiu

Θ̂
�
iwϕiw − Fiw/m

∗
iw = Θ̃

�
iwϕiw − εiw

˙̃Θiu = −Γiu(ϕiuũi + kΘiuΘ̂iu)
˙̃Θiw = −Γiw(ϕiww̃i + kΘiwΘ̂iw).

(28)

With (2), (24), and (28), it takes the derivative of V0 as

V̇0 =

N∑
i=1

(
− (ςiu + koiu)ũ

2
i +

1
m∗
iu

(
(1 − γiu)hiu − τfiu

)
ũi

− (ςiw + koiw)w̃
2
i +

1
m∗
iw

(
(1 − γiw)hiw + τfiw

)
w̃i

− kΘiuΘ̃
�
iuΘ̂iu − kΘiwΘ̃

�
iwΘ̂iw − ũiεiu − w̃iεiw

)
.

(29)

From Young’s inequality and Assumption 1, one gets
−ũiεiu ≤ 1

2 (ũ
2
i + ε2

iu), −w̃iεiw ≤ 1
2 (w̃

2
i + ε2

iw), ((1 − γiu)

hiu − τfiu)ũi ≤ 1
2 ((1 − γiu)

2h2
iu + τ̄f2

iu ) + ũ2
i , ((1 − γiw)

hiw − τfiw)w̃i ≤ 1
2 ((1 − γiw)

2h2
iw + τ̄f2

iw ) + w̃2
i , −kΘiuΘ̃

�
iuΘ̂iu

≤ − 1
2k

Θ
iu(‖Θ̃iu‖2 − ‖Θiu‖2), and −kΘiwΘ̃

�
iwΘ̂iw ≤ − 1

2k
Θ
iw

(‖Θ̃iw‖2 − ‖Θiw‖2).
Combining (29), it yields that

V̇0 ≤
N∑
i=1

(−(ςiu + koiu −
1
2
− 1
m∗
iu

)ũ2
i −

kΘiu
2

‖Θ̃iu‖2

−
(
ςiw + koiw − 1

2
− 1
m∗
iw

)
w̃2
i −

kΘiw
2

‖Θ̃iw‖2

+
1
2

(
ε2
iu +

1
m∗
iu

(
τ̄f2
iu + (1 − γiu)

2h2
iu

)
+ kΘiu‖Θiu‖2

+ ε2
iw +

1
m∗
iw

(
τ̄f2
iw + (1 − γiw)

2h2
iw

)
+ kΘiw‖Θiw‖2

)
.

Define ϑ̃i = [ũi, w̃i]
� and Θ̃i = [Θ̃

�
iu, Θ̃

�
iw]

�. If the selection
of parameters ςiu, koiu ςiw, and koiw satisfies ςiu + koiu > 1/2 +
1/m∗

iu and ςiw + koiw > 1/2 + 1/m∗
iw, one has

V̇0 ≤
N∑
i=1

(
−ci0‖ϑ̃i‖2 − 1

2
kΘi ‖Θ̃i‖2 + εi

)
(30)

where ci0 = min{ςiu + koiu − 1/2 − 1/m∗
iu, ςiw + koiw −

1/2 − 1/m∗
iw}, kΘi = min{kΘiu, kΘiw}, and εi = (ε2

iu + ε2
iw +

((1 − γiu)
2h2
iu + τ̄f2

iu )/m
∗
iu + ((1 − γiw)

2h2
iw + τ̄f2

iw )/m
∗
iw +

kΘiu‖Θiu‖2 + kΘiw‖Θiw‖2)/2.
B. Step 2: Denote ziθ =

∑N
j=1 aij(θi − θj −

θij0) + ai0(θi − θ0 − θi0), zθ = [z1θ, . . . , zNθ]
�, θe =

[θ1e, . . . , θNe]
�, and � = [�1, . . . , �N ]�. Then, it has

zθ = Hθe, θ̇e = −�. (31)

In what follows, a Lyapunov function candidate for the subsys-
tem (20) is chosen as V1 =

∑N
i=1(ξ

2
ip + ξ2

iψ)/2 + θ�
eHθe/2,

whose dynamics along (19), (20), and (31) is given as follows

V̇1 =

N∑
i=1

(−kipξ2
ip − ξipFip(uie − λlip,2 + λrip,2)

− kiψξ
2
iψ − ξiψFiψ(wie − λliψ,2 + λriψ,2)− kiθz

2
iθ

)
≤

N∑
i=1

(−ki‖ξi‖2 − kiθz
2
iθ + ξ�i F i(λ

l
i,2 − λri,2 − ϑie)

)

where ki = min{kip, kiψ}, ξi = [ξip, ξiψ]
�, F i =

diag{Fip,Fiψ}, λri,2 = [λrip,2, λ
r
iψ,2]

�, λli,2 = [λlip,2, λ
l
iψ,2]

�,
and ϑie = [uie, wie]

�.
Based on the fact that λli,2 − λri,2 − ϑie = ϑ̃i − qi with qi =

[qiu, qiw]
�, it obtains

V̇1 ≤
N∑
i=1

(
−ki‖ξi‖2 − kiθz

2
iθ + ξ�i F i(ϑ̃i − qi)

)
.

Using the Young’s inequality, it gets ξ�i F iϑ̃i ≤ ‖ξi‖2/2 +
‖F i‖2‖ϑ̃i‖2/2, which is substituted into V̇1 as

V̇1 ≤
N∑
i=1

(
−ci1‖ξi‖2 − kiθz

2
iθ − ξ�i F iqi +

1
2
‖F i‖2‖ϑ̃i‖2

)
(32)

where ci1 = ki − 1/2.
B. Step 3: Choose a Lyapunov function candidate V2 =∑N
i=1(q

2
iu + q2

iw)/2 for the subsystem (27). Then, it takes the
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Fig. 4. The communication topology of the vessel-train formation.

Fig. 5. A vessel-train formation along the urban river.

derivative of V̇2 as

V̇2 =
N∑
i=1

(−kiuq2
iu − (ςiu + koiu)qiuũi + qiuFipξip

− kiwq
2
iw − (ςiw + koiw)qiww̃i + qiwFiψξiψ

)
.

Utilizing −(ςiu + koiu)qiuũi ≤ (ςiu + koiu)(q
2
iu + ũ2

i )/2 and
−(ςiw + koiw)qiww̃i ≤ (ςiw + koiw)(q

2
iw + w̃2

i )/2, one has

V̇2 ≤
N∑
i=1

(
−
(
kiu − 1

2
(ςiu + koiu)

)
q2
iu +

1
2
(ςiu + koiu)ũ

2
i

−
(
kiw − 1

2
(ςiw + koiw)

)
q2
iw +

1
2
(ςiw + koiw)w̃

2
i

+ qiuFipξip + qiwFiψξiψ) .
When kiu > (ςiu + koiu)/2 and kiw > (ςiw + koiw)/2, the
derivative of V2 is obtained as follows

V̇2 ≤
N∑
i=1

(
−ci2‖qi‖2 + c̄i0‖ϑ̃i‖2 + q�

i F iξi

)
(33)

with ci2 = min{kiu − (ςiu + koiu)/2, kiw − (ςiw + koiw)/2}
and c̄i0 = max{ςiu + koiu, ςiw + koiw}/2.

Consequently, the Lyapunov function of the resulting closed-
loop system is presented as V = V0 + V1 + V2. With (30), (32),
and (33), the derivative of V is rendered as

V̇ ≤
N∑
i=1

(
− c′i0‖ϑ̃i‖2 − ci1‖ξi‖2 − ci2‖qi‖2 − 1

2
kΘi ‖Θ̃i‖2

− kiθz
2
iθ + εi

)
(34)

where c′i0 = ci0 − ‖F i‖2/2 − c̄i0.

Denote E′ = [ϑ̃
�
, ξ�, q�, Θ̃

�
, z�
θ ]

� and E =

[ϑ̃
�
, ξ�, q�, Θ̃

�
,θ�
e ]

� with ϑ̃ = [ϑ̃
�
1 , . . ., ϑ̃

�
N ]�, ξ =

[ξ�1 , . . ., ξ
�
N ]�, q = [q�

1 , . . ., q
�
N ]�, and Θ̃ = [Θ̃

�
1 , . . ., Θ̃

�
N ]�.

Based on the fact that E′ = ΨE with

Ψ =

⎡
⎢⎣I3N ⊗ I2 06N×2Nm 06N×N

02Nm×6N INm ⊗ I2 02Nm×N
0N×6N 0N×2Nm H

⎤
⎥⎦ ,

it puts into

V̇ ≤ −c‖E′‖2 + ‖ε‖ ≤ −cλmin(Ψ)‖E‖2 + ‖ε‖ (35)

where ε = [ε1, . . ., εN ]� and c = min{c0, c1, c2, c3}
with c0 = min{c′10, . . ., c

′
N0}, c1 = min{c11, . . ., cN1},

c2 = min{c12, . . ., cN2}, c3 = min{kΘ1 /2, . . ., kΘN/2}, and
c4 = min{k1θ, . . ., kNθ}.

Since εiu, εiw, Θiu, and Θiw are bounded, it follows that εi
is also bounded under Assumption 1, which implies that ε is
bounded by ‖ε‖ ≤ ε̄. It is derived from (35) that ξik for i ∈ I1:N

and k = p, ψ is bounded. According to the error transformation
(13), the boundedness of ξik renders that−zlik < zik < z̄rik, i.e.,
−zlik − λlik,1 < zik < z̄rik + λrik,1. Consequently, it shows that
all the tracking errors zip and ziψ evolve within SPP regions
regardless of input saturation, actuator faults, and unknown
disturbances. Therefore, all error signals of the resulting closed-
loop system are uniformly ultimately bounded. �

Remark 3: Assumption 2 ensures that the transformed error
ξik, as defined in (14), is well-defined for ∀t ≥ 0. Further-
more, satisfaction of the initial condition zip(0) ∈ (0, zrip(0))
and ziψ(0) ∈ (−zliψ(0), zriψ(0)) yields that V (0) is bounded,
which further renders the boundedness of V (t) for ∀t ≥ 0.
Consequently, the controller designed under initial conditions
leads to ξik ∈ L∞, thereby fulfilling the SPP constraints. Similar
initial conditions are commonly used in the PPC problems,
see [26] and [28].

Remark 4: A tuning guideline of designed parameters is pro-
vided to facilitate the implementation of our proposed method.
For SPP, parametersρik,0,ρik,∞, δrik, δlik, andμik are determined
by practical performance requirements. The large gains �ik,1
and �ik,2 improve the adjustment rate of auxiliary variables.
For ESN-based estimators, parameters ςij and koij are chosen
such that ci0 > 0. For the guidance and control parameters,
kip, kip, kiu, and kiw should be sufficiently large to ensure
ci1 > 0 and ci2 > 0. Note that if kip, kip, kiu, and kiw are set
too high, it will results in large control efforts and undesirable
behaviors. Therefore, a trade-off selection is crucial and should
be considered in practice.

V. SIMULATION RESULTS

This section conducts the comparison simulations of the
vessel-train formation to validate the effectiveness and supe-
riority of the proposed method.
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Fig. 6. Evolution of relative distances and heading errors within SPP constraint
(
−zlik, z̄rik

)
, k = p, ψ. (a) MSV 1. (b) MSV 2. (c) MSV 3. (d) MSV 4.

(e) MSV 5.

Fig. 7. Control inputs of MSVs. (a) Surge force. (b) Yaw moment.

A. Simulation Setup

For a practical scenario illustrated in Fig. 1, we consider
a simulation case involving five MSVs and one super
leader, whose communication topology and the predefined
neighboring distances are delineated in Fig. 4. To implement
the vessel-train formation, the parameterized path pd(θi)
is set as pd(θi) = [

√
2θi/4 −√

2(10 cos(θi/50 + π/3) +
40)/2,

√
2θi/4 +

√
2(10 cos(θi/50 + π/3) + 40)/2]� with

initial values θ1(0) = −5, θ2(0) = 15, θ3(0) = −25,
θ4(0) = −35, θ5(0) = −45, θ10 = 0, and θ120 = θ230 =
θ340 = θ450 = 10. In this simulation, the MSV model
utilizes the marine vehicle of a length of 1.255m with
detailed Bis-scale parameters referenced in [48]. The
initial positions and yaw angles of five MSVs are chosen
as [−15, 25, 3π/4]�, [−20, 22, 3π/4]�, [−30, 20, 3π/4]�,
[−40, 18, 3π/4]�, and [−48, 14, 3π/4]�, sequentially, and all
initial velocities are zero. The control parameters are configured
as follows: ρip,0 = 10, ρip,∞ = 1, ρiψ,0 = 0.5, ρiψ,∞ = 0.1,
μip = 0.04, μiψ = 0.1, δ̄ip = δ̄iψ = 0.6, δip = δiψ = 0.8,
�ip,1 = �iψ,1 = 0.2, �ip,2 = �iψ,2 = 0.5, kip = 1, kiψ = 10,
kiθ = 0.05, vs = 1, Tiu = Tiw = 1, biu = biw = 1,
ςiu = ςiw = 20, koiu = koiw = 1, Γiu = 1000Γiw = 1000,
kΘiu = kΘiw = 0.0001, kiu = 10, kiw = 10, τ̄iu = 15, τ iu = 0,
τ̄iw = 8, and τ iw = −8. For ESNs in (22), nine neurons
comprise the hidden layer, with the activation function defined

as 1/(1 + e−x). Without loss of generalities, it is assumed that
MSV 1 and MSV 3 experience the following additive faults:

τf1u =

⎧⎪⎨
⎪⎩
−13| sin(π(t− 100)/20)|, t ∈ (100, 120)

−15| sin(π(t− 300)/30)|, t ∈ (300, 330)

0, others,

τf1w =

⎧⎪⎨
⎪⎩
−8| sin(π(t− 100)/20)|, t ∈ (100, 120)

8.5| sin(π(t− 300)/30)|, t ∈ (300, 330)

0, others.

τf3u =

{
−10| sin(π(t− 200)/30)|, t ∈ (200, 230)

0, others.

τf3w =

{
−9.5| sin(π(t− 200)/30)|, t ∈ (200, 230)

0, others.

B. Performance Illustrations

1) Effectiveness Validation: In this part, simulation results
under the proposed saturation-tolerant vessel-train formation
control method are plotted in Figs. 5–8. From motion snapshots
of Fig. 5 at different instants, five MSVs form the vessel-train
formation along the given parameterized path. The formation
errors of all MSVs are drawn in Fig. 6, where the first and second
rows display the curves of relative distances and heading errors,
respectively. It is seen from Fig. 7 that, during the transient
process, the surge forces of MSVs 1-3 and 5 and the yaw moment
of MSV 5 reach saturation, which force the errors to converge
faster than the rate −μik. It is clear that all tracking errors
evolve within the SPP constraints (−zip, z̄ip) and (−ziψ, z̄iψ)
for i = 1, . . . , 5. Note that the error z5ψ fluctuates towards
the outside of the lower boundary −z5ψ owing to saturation
effect. To enlarge the boundary of SPPs, the developed auxiliary
system (12) generates the positive modified signals λl5ψ,1 and
λl5ψ,2 plotted in Fig. 8(e), which enables z5ψ avoid the possible
violation from Fig. 6(e). When the yaw saturation of MSV
5 disappears, the corresponding SPP boundary ziψ recoveries
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Fig. 8. State evolution of auxiliary systems. (a) MSV 1. (b) MSV 2. (c) MSV 3. (d) MSV 4. (e) MSV 5.

Fig. 9. Evolution of errors with the TPP-based method [57]. (a) Relative
distance. (b) Heading error.

as ziψ because of λl5ψ,1 = λl5ψ,2 = 0. In steady-state process,

MSVs 1 and 3 suffer from the additive faults τfiu and τfiw, which
lead to the saturated surge forces hiu and yaw moments hiw for
i = 1, 3. According to Figs. 6(a), (e), 7(a), and (e), the resulting
fluctuating errors z1p, z1ψ , and z3ψ still evolve within the SPP
constraints regardless of actuator faults.

2) Superiority of SPP Over TPP [57]: This part presents a
comparative analysis with the TPP-based method in [57]. For
the sake of fairness, the simulation setup is the same as the SPP-
based one. Simulation results of MSVs 1, 3, and 5 are displayed
to illustrate the superiority of the SPP-based method. As depicted
in Figs. 9 and 10, it shows that heading errors of MSV 1 and MSV
3 overpass TPP boundaries at t = 107.63 s and t = 212.30 s,
respectively, owing to saturations and faults of yaw moments.
Furthermore, it also finds that MSV 5 violates the TPP constraint
at t = 19.18 s since the yaw moment is under saturation. From
Figs. 6(a), (c), and (e), it is observed that the SPP boundaries
have the ability to tolerate error fluctuations by introducing the

Fig. 10. Control inputs with the TPP-based method [57]. (a) Surge force. (b)
Yaw moment.

auxiliary variables. Therefore, it is concluded that the designed
SPP boundaries have better tolerance for formation errors in the
presence of input saturation and actuator faults.

VI. CONCLUSION

This paper presents a saturation-tolerant tunnel prescribed
control method for the vessel-train formation of multiple under-
actuated MSVs subject to input saturation and actuator faults.
Specifically, the designed SPP not only restrict the formation
tracking errors with a smaller overshoot but also avoid possible
violations under the input saturation. Using the path coordina-
tion scheme, the vessel-train formation of underactuated MSVs
is achieved and formation errors are guaranteed to evolve within
the prespecified SPP constraints regardless of input saturation
and actuator faults. Through simulation comparisons, it demon-
strates the effectiveness of the proposed saturation-tolerant tun-
nel prescribed control method.
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