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Abstract—This article investigates a containment control prob-
lem of networked autonomous surface vehicles (ASVs) with
challenges of actuator faults, uncertainties, and environmental
disturbances. There exist the individual tasks of networked ASVs
and virtual leaders beyond the overall goal. The containment
control can be transformed into a noncooperative game problem
to balance individual and group objectives. With the noncoop-
erative game theory, the containment task is reformulated as a
Nash equilibrium seeking problem of networked ASVs regarded
as players. To achieve the Nash equilibrium seeking of ASVs, a
noncooperative-game-based fault-tolerant fuzzy containment con-
troller is developed for networked ASVs with an adaptive compen-
sation technique. First, a fuzzy predictor based on the high-order
tuner is constructed to tackle the total disturbances. Next, a param-
eter estimator for unknown faults is designed using the adaptive
compensation strategy. With identified disturbances and faults,
a desired control law and an intermediate control variable are
developed to enable ASVs to operate effectively despite faults. By
the Lyapunov functions, theoretical results show that the actions of
ASVs can converge to the neighborhood region of the Nash equilib-
rium. Finally, simulation results are presented to demonstrate the
validity of the proposed fault-tolerant containment control method.

Index Terms—Containment control, fuzzy predictor, high-
order tuner, networked autonomous surface vehicles (ASVs),
noncooperative game.
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I. INTRODUCTION

DUE to limited capabilities of a single autonomous sur-
face vehicle (ASV), the distributed cooperative control

of multiple ASVs has attracted compelling attention due to its
broad maritime applications (e.g., surveillance, exploration, and
transportation) and significant advantages (e.g., better efficiency,
higher tolerance, and lower network burden) [1], [2], [3]. As a
main branch of distributed cooperative control, the objective
of containment control is to steer a swarm of plants into a
convex hull spanned by multiple leaders and maintain a pre-
scribed geometric pattern [4] and [5]. In terms of containment
control, there exist three types of control problems to be pre-
sented, namely, trajectory-guided containment control [6], path-
guided containment control [7], and target-guided containment
control [8].

In the light of aforementioned merits of containment control,
there are various research results on the containment control
problem of ASVs [9], [10], [11], [12], [13], [14], [15], [16], [17],
[18], [19]. Vehicle uncertainties, environmental disturbances,
and modeling errors are inevitable difficulties in implementing
the containment control of ASVs. In [9], an echo state network
is employed to approximate the nonlinear kinetics through a
neural predictor using the measurable velocities. In [10], a
neural-state-observer-based containment maneuvering method
is developed with only recorded input and output information.
In [9] and [10], path maneuvering techniques are incorporated
into the containment protocol to decouple the spatial–temporal
constraint. In [11], a trajectory-guided output feedback con-
tainment control scheme is presented for underactuated vessels
via a fuzzy state observer. In [12], the disturbance observer
is integrated into the containment controller for ASVs with
the prior model. To improve the estimation speed and accu-
racy, a finite-time disturbance observer is designed in [13]. To
achieve the simultaneous estimation for disturbances and states,
an extended state observer is used to develop the containment
control law [14], [15]. In [14], an artificial potential function
is introduced to obtain the collision avoidance and connectiv-
ity preservation of containment formation of multiple ASVs.
In [15], the safety-critical containment maneuvering method
based on the control barrier function is proposed for ASVs with
collision-free constraints. The abovementioned continuous-time
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control schemes may result in unnecessary communication con-
sumption when the system tends to be stable [20]. To reduce
the network burden, the event-triggered mechanism and the
quantized control technique are injected into the distributed
control architecture [16], [17], [18], [19]. In [16], a hierar-
chical sliding-mode-based two-layer coordination architecture
under the sampled communication is investigated for multi-ASV
containment formation. In [17] and [18], the event-triggered
protocol is integrated into the containment controller to degrade
the network burden of multivehicle formation. In [19], the
quantization strategy of communication level is developed to
update the path parameters for fewer data transmissions. It can
be seen that the abovementioned results report the contain-
ment control methods of multiple ASVs under uncertainties,
disturbances, safety constraints, and communication reductions
only from a cooperation perspective. However, there exists the
noncooperative relationship in the whole group due to energy
consumption or competition in a practical scenario.

The game theory has become a research hot spot for first-
order and second-order integrators [21], [22], [23], [24], in
which Nash equilibrium (NE) seeking strategies are designed to
maximize or minimize the objective functions. In recent years,
game-based control methods have gradually been extended to
marine vehicles [25], [26], [27], [28], [29], [30], [31]. In [26],
the static and dynamic formation control methods are inves-
tigated for ASVs with partial individual objectives based on
the noncooperative game theory. To reduce the communication
burden, Fang et al. [25] present a state-quantized location control
scheme. In [27], the global optimal formation is further achieved
via a regularized game approach. Note that these results [25],
[26], [27] are designed using fully known dynamic features and
ignoring the impact of winds, waves, and currents. However,
modeling errors and environmental disturbances are inevitable
for marine vehicles by limiting prior knowledge. To tackle this
issue, Wen et al. [28] present a distributed NE formation control
method with approximated internal uncertainties from neural
networks. Different from these results [25], [26], [27], [28], the
backstepping and the dynamic surface control approaches are
used to design the NE control law [29], [30], [31]. In [30], a
distributed optimal formation of primary–secondary followers
is achieved based on the Stackelberg differential graphical game.
In [31], the pursuit–evasion game problem of marine vehicles
is solved using the minimum and maximum approximation
functions. In [30] and [31], the adaptive laws of neural and fuzzy
approximations are designed by the gradient descent technique.
To improve the convergence rate of adaptive laws, the high-order
tuner (HT)-based neural predictor is constructed for the consen-
sus formation of intelligent ASVs [29], in which the acceleration
needs to be measured. It is not difficult to find that there are
only a few research results of game-based formation control
for ASVs, in which the limitations are stated as follows: 1) the
control laws developed in [25], [26], [27], [28], [29], [30], and
[31] cannot address the containment control with individual and
overall objective functions; 2) the fast approximation technique
still needs the acceleration information; and 3) vehicle propellers
and thrusters need to be well operated.

In a marine environment, propellers and thrusters of ships
may suffer from inevitable faults, which will degrade the con-
trol performance and even lead to instability unless properly
addressed [32], [33]. In [34], a finite-time fault estimator is de-
veloped to exactly estimate the lumped disturbances containing
the loss-of-effectiveness and additive faults. In [3], a fuzzy state
observer is designed to simultaneously estimate the unknown
vehicle speed and the fault-involved disturbances. In [35] and
[36], an additive fault is regarded as external disturbance to
be estimated by the disturbance observer, in which internal
uncertainties are identified through neural networks. Note that
these fault-tolerant control schemes [3], [32], [33], [34], [35],
[36] are designed for the tracking control of a single ASV. It
is still open and challenging to seek the NE of the containment
control of ASVs with actuator faults and individual objectives.

Motivated by the above discussions, this article develops
a noncooperative-game-based fault-tolerant fuzzy containment
control method for networked ASVs with uncertainties, environ-
mental disturbances, actuator faults, and individual objectives.
The main contributions are stated as follows.

1) Compared with containment control methods proposed
in [9], [10], [11], [12], [13], [14], [15], [16], [17], [18],
and [19] with only considering the cooperation of all indi-
viduals, this article develops a containment control method
of multiple ASVs under the theoretic framework of non-
cooperative game. The tradeoff between individual and
group objectives can be achieved via the noncooperative-
game-based control laws.

2) Compared with game-based control methods proposed
in [25], [26], [27], [28], [29], [30], and [31] without
considering actuator faults, the loss-of-effectiveness and
bias faults of ASVs are considered in this noncooperative
game. A robust fault-tolerant strategy is incorporated into
the noncooperative-game-based containment control law,
which can guarantee the NE seeking of ASVs subject to
actuator faults.

3) In contrast to neural network and fuzzy approximation
techniques in [3], [9], [10], [30], [31], [35], [36], [37],
[38], [39], [40], [41], [42], [43], and [44] with first-order
parameter update laws, we develop an HT-based fuzzy pre-
dictor with the potential for accelerated learning. Different
from our previous results in [29] and [45], the developed
HT-based adaptive law does not require the acceleration
information of marine vehicles.

The rest of this article is organized as follows. The prelim-
inaries and problem formulation are introduced in Section II.
Section III gives the main results, i.e., the controller development
and the stability analysis. Section IV conducts the simulation
verification. Finally, Section V concludes this article.

Notations: Throughout this article, �, �n, and �n×m de-
note a real set, an n-dimensional matrix set, and an (n×m)-
dimensional matrix set, respectively. Let In and 0n be an n× n
identity matrix and a n× 1 zero vector, respectively. λmin(·)
and λmax(·) are the minimum and maximum eigenvalues of
a matrix, respectively. A column vector and a block-diagonal
matrix are represented as col{·} and diag{·}, sequentially. ‖ · ‖
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and ‖ · ‖F stand for the Euclidean norm and the Frobenius norm,
successively. ⊗ is the Kronecker product.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Graph Theory

The network topology of M follower players and N −M
leader players is depicted by a graph G = {V, E}. Specifically,
V = {VF ,VL} is a vertex set of all players with a follower
set VF � {1, . . . ,M} and a leader set VL � {M + 1, . . . , N}.
Together with V , an edge set is denoted as E ⊆ V × V . Further-
more, define a neighborhood set of player i asNi = {NiF ,NiL}
with NiF � {j ∈ VF |(i, j) ∈ E} and NiL � {k ∈ VL|(i, k) ∈
E}. The pairs (i, j) and (i, k) stand for successful paths from
follower i to follower j and from follower i to leader k, re-
spectively. An adjacency matrix of graph G is defined as A =
[aij ] ∈ �N×N with aij = 1 if (i, j) ∈ E else aij = 0 (aii = 0).
The associated Laplacian matrix is presented as L = D −A,
where D ∈ �N×N is an in-degree matrix with diagonal ele-
ments

∑
j∈VF

aij +
∑

k∈VL
aik. The graph G is an undirected

graph if A = AT .
Assumption 1 (See [46]): The undirected graph is connected

for follower and leader players. There exists at least one follower
player to catch the information of leader players.

Remark 1: In contrast to follower–leader, behavior-based,
and virtual structure methods, the graph-based method is a
typical distributed control architecture with promising advan-
tages in decreasing communication burdens, saving computing
resources, and improving system robustness [2]. In recent years,
graph theory has been widely applied in the formation control
of unmanned aerial vehicles [47], [48], ASVs [49], autonomous
underwater vehicles [50], and mobile robots [51], to name a few.

B. Fuzzy Logic System (FLS)

The basic configuration of an FLS contains a knowledge base,
a fuzzy inference rule, a fuzzifier, and a defuzzifier. Let x =
[x1, x2, . . ., xn]

T and y be the input and output of the FLS and
define the following “IF–THEN” rules:

RULE(l) : Ifx1 isJ l
1 , x2 isJ l

2 , . . ., xn isJ l
n

THEN : y is Il, l = 1, . . .,m

where m is the number of inference rules. J l
i and Il represent

the fuzzy sets with corresponding membership functions μJ l
i

and μIl . Then, it renders that the output

y(x) =

∑m
l=1 Θl

∏n
i=1 μJ l

i
(xi)∑m

l=1

∏n
i=1 μJ l

i
(xi)

(1)

where Θl = maxy∈� μIl(y).
DenoteΘ = col{Θl} andϕ(x) = col{ϕl(x)}, l = 1, . . . ,m

with ϕl(x) =
∏n

i=1 μJ l
i
(xi)/

∑m
l=1

∏n
i=1 μJ l

i
(xi). Further-

more, the output of the FLS is rewritten as

y(x) = ΘTϕ(x). (2)

Fig. 1. Illustration for containment pattern of multiple ASVs with individual
and group tasks.

TABLE I
DEFINITION FOR THE MATHEMATICAL MODEL OF ASVS

Lemma 1 (See [52]): A continuous function h(x) on a
compact set Ω can be approximated by the FLS such that
supx∈Ω |h(x)−ΘTϕ(x)| ≤ ε∗ for ε∗ > 0.

C. Problem Formulation

This article considers the containment control of M net-
worked ASVs and N−M virtual leaders with individual ob-
jectives. Fig. 1 shows the graphical description of the noncoop-
erative game. Herein, the action of ASV i for i ∈ NF is updated
by [53]{

η̇i = R(ψi)νi

M iν̇i = −Ci(νi)νi −Di(νi)νi − gi + τ i + τ iω
(3)

where the definitions for the mathematical model of ASVs are
listed in Table I for clarity. R(ψi) ∈ �3×3 is an rotation matrix
denoted byRi = R(ψi) for simplicity, which establishes a map
between an earth-fixed reference frame {E} and a body-fixed
reference frame {B}. Moreover, Ri is orthogonal such that

‖Ri‖ = 1, R−1
i = RT

i , Ṙi = riRiS (4)

where

Ri =

⎡
⎣cosψi − sinψi 0
sinψi cosψi 0
0 0 1

⎤
⎦ , S =

⎡
⎣0 −1 0
1 0 0
0 0 0

⎤
⎦ .
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In a complex and changeable working environment, ASVs
may inevitably suffer from the actuator faults, such as propellers
and thrusters, and so on. According to [32] and [54], the model
of the actuator fault is formulated as follows:

τil = γilτil,d + τil,f , l = u, v, r (5)

where τil is the actual control input with τ i = col{τil} ∈
�3. γil denotes the unknown loss of effectiveness with γi =
diag{γil} ∈ �3×3 and 0 < γ

il
≤ γil ≤ 1. τil,f ∈ �3 is an ad-

ditive fault with τ if = col{τil,f} ∈ �3. τil,d represents the
desired control input with τ id = col{τil,d} ∈ �3.

In this article, ASVs are viewed as a group of players that
built a set defined as VF = {1, 2, . . .,M}. For a noncoopera-
tive game, each player intends to minimize its payoff function
fi(ηF ) : �3M → �, i.e.,

min
ηi∈�3

fi(ηF )

s.t . (3) (6)

where ηF = col(ηi), i ∈ VF . It is seen that fi(ηF ) depends on
the actions of the ith player and its neighbors in the considered
game. Then, the ith player can adjust its action ηi to minimize
the function fi(ηF ). Thus, an action profile η∗

F = (η∗
i ,η

∗
−i) is

given and called as an NE if

fi(ηi,η
∗
−i) ≥ fi(η

∗
i ,η

∗
−i), i ∈ VF (7)

for ηi ∈ �3 with η∗
−1 = [η∗T

1 , . . . ,η∗T
i−1,η

∗T
i+1, . . . ,η

∗T
M ]T . In

addition, if fi(ηF ) is convex and continuous, there is an NE
solution of noncooperative game such that ∂Ji(η∗

F )/∂ηi = 03.
This article aims to develop a noncooperative-game-based

fault-tolerant fuzzy containment controller for networked ASVs
guided by virtual leaders. In the noncooperative game, each ASV
intends to complete the following objectives:

Objective 1 : min
∑

j∈NiF

aij‖ηi − ηj‖2 (8)

Objective 2 : min
∑

k∈NiL

aik‖ηi − ηkd‖2 (9)

where ηkd ∈ �3, k ∈ VL, denotes the desired trajectory. Note
that some ASVs intend to minimize the containment error with
their neighboring ASVs and virtual leaders.

Remark 2: In a practical operation, it is indeed critical for
guaranteeing the safety of multi-ASV systems to complete mis-
sion. In the existing literature, some collision-free strategies have
been proposed to avoid possible collisions among ASVs, such
as guiding vector field [55], control barrier function [56], rein-
forcement learning [57], prescribed performance control [49],
and improved potential functions [58].

To analyze the main results, the following lemma and assump-
tions are provided.

Lemma 2 (See [52]): For any κ > 0 and x ∈ �, one has

0 ≤ |x| − x tanh
( x
κ

)
≤ 0.2785κ. (10)

Fig. 2. Block diagram of the noncooperative-game-based fault-tolerant fuzzy
containment control scheme for networked ASVs.

Assumption 2: For each ASV, the additive fault τ if is
bounded and satisfied with ‖τ if‖ ≤ τ ∗f ∈ �+.

Assumption 3: The given trajectory ηkd and its derivatives
η̇kd and η̈kd are bounded such that ‖ηkd‖ ≤ η∗1 ∈ �+, ‖η̇kd‖ ≤
η∗2 ∈ �+, and ‖η̈kd‖ ≤ η∗3 ∈ �+.

III. DESIGN AND ANALYSIS

In this section, we will develop a noncooperative-game-based
fault-tolerant fuzzy containment controller for multiple ASVs
subject to actuator faults, unknown internal uncertainties, and
external disturbances. The architecture of the proposed method
is displayed in Fig. 2.

A. HT-Based Fuzzy Predictor Design

To facilitate the subsequent design, rewrite the kinetic dynam-
ics of the ith ASV using (3) and (5) as

ν̇i = σi(νi, t) +M−1
i τ i (11)

where σi(·) = M−1
i [−Ci(νi)νi −Di(νi)νi − gi + τ iω].

For the ASVs with the measurable velocity, a fuzzy predictor
is developed to approximate the unknown nonlinear function
σi(·) by{

ν̃i = ν̂i − νi

˙̂νi = −(Ko
i + 1)ν̃i + σ̂i(νi|Θ̂i) +M−1

i τ i

(12)

where ν̃i and ν̂i are the estimation error and estimation value
of νi, respectively. Ko

i ∈ �3×3 is a diagonal gain matrix with

positive elements. σ̂i(νi|Θ̂i) = Θ̂
T

i ϕi(νi) denotes the approx-
imation value ofσi(νi, t)with an estimated fuzzy weight matrix
Θ̂i ∈ �3m×3 and a fuzzy basis function vector ϕi(νi) ∈ �3m.

To obtain the fast convergence, the fuzzy weight Θ̂i can be
updated by the following HT-based adaptive law [59]:{

˙̂
Θi = −Γi1Ti(Θ̂i −Ξi)

Ξ̇i = −βi1ϕi(νi)ν̃
T
i

(13)

where Γi1 ∈ � and βi1 ∈ � are designed constants. Ti = 1 +
φiϕ

T
i (νi)ϕi(νi), with φi being a positive parameter satisfying

φi ≥ 2βi1/Γi1.
Remark 3: In the existing literature, the adaptive law for

weight update is usually designed based on the gradient-based
descent strategy, viewed as the first-order tuner. The core idea
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behind the HT is the momentum-based updates such that the
parameter estimation achieves a faster convergence. See [60]
for the detailed analysis.

B. Noncooperative-Game-Based Fault-Tolerant Fuzzy
Containment Controller Design

Based on the fuzzy predictor (12) and (13), this section will
derive an adaptive fault-tolerant containment control law to
balance the noncooperative objectives for a fleet of ASVs.

First of all, the containment task of M ASVs guided by N −
M virtual leaders is described as a noncooperative game problem
with a cost function

fi(ηF ) =
1

2

∑
j∈NiF

aij‖ηi − ηj‖2 +
1

2

∑
k∈NiL

aik‖ηi − ηkd‖2

which includes the individual task and swarm task.
To proceed, the partial derivative of fi(ηF ) with respect to ηi

is taken as follows:

∂fi(ηF )

∂ηi
=

∑
j∈NiF

aij(ηi − ηj) +
∑

k∈NiL

aik(ηi − ηkd).

Letting ∇(ηF ) = col{∂fi(ηF )/∂ηi}, i ∈ VF , it follows that:

∇(ηF ) = (L1 ⊗ I3)ηF + (L2 ⊗ I3)ηL (14)

where ηL = col(ηkd), k ∈ VL. L1 ∈ �M×M and L2 ∈
�M×(N−M) are block elements of L with L1 = D1 −A1 and
L2 = −A2 satisfying

L =

[
L1 L2

� �

]
, A =

[
A1 A2

� �

]

D =

[
D1 0M×(N−M)

� �

]

where symbol � implies the irrelevant term in this article. Note
thatD1 is a diagonal matrix with positive diagonal elements, and
A1 is a nonnegative symmetric matrix, with 0 being diagonal
elements. According to [46], L1 is a nonsingular M-matrix
under Assumption 1. Therefore, there exists a diagonal ma-
trix P = diag{pi} ∈ �M×M , i ∈ VF , with pi > 0 such that
LT

1 P + PL1 > 0.
Let η∗

F ∈ �3M be the NE solution of cost functions fi(ηF )
for i ∈ VF such that∇(η∗

F ) = 03M . Then, the time-varying NE
solution from (14) is presented as follows:

η∗
F = −

[
L−1

1 L2 ⊗ I3

]
ηL. (15)

Notice that the desired control input τ id cannot be directly
applied to force ASVs because of the unknown parameter γi.
Therefore, the adaptive compensation strategy is employed to
handle the NE seeking problem of networked ASVs. Now, the
desired control input is established as follows:

τ id = μ̂iαi (16)

where μ̂i ∈ �3×3 represents the estimation for a matrix μi =
diag{μil} ∈ �3×3, l = u, v, r with unknown diagonal constant
μil = 1/γil satisfying μiγi = γiμi = I3. μ̂i is adaptively

updated by a parameter estimator

˙̂μi = − Γi2M
−1
i RT

i [Riνi + 	iη̇L +∇i(ηF )]α
T
i

− Γi2βi2μ̂i (17)

where Γi2 ∈ �3×3 is a positive-diagonal matrix. Based on the
fuzzy predictor (12), the intermediate control variable αi ∈ �3

is designed as

αi = −M iRT
i K

c
i [Riνi + 	iη̇L +∇i(ηF )]

− riM iSνi −M iσ̂i(νi|Θ̂i)−M iRT
i φi (18)

where Kc
i ∈ �3×3 denotes a designed gain matrix. ∇i(ηF ) =

∂fi(ηF )/∂ηi. 	i ∈ �3×3(N−M) is a row vector satisfying
[	T1 , . . ., 	

T
M ]T = L−1

1 L2 ⊗ I3. In addition, in (18)

φi = δ tanh

(
δ[Riνi + 	iη̇L +∇i(ηF )]

κ

)
(19)

where δ ∈ �+ and κ ∈ �+ are constants.

C. Stability Analysis

This section will prove that the states of ASVs can converge
to the NE solutions for containment tracking.

1) Predictor Subsystem Analysis: Let ν̃F = col{ν̃i},
νF = col{νi}, σ̂F (νF |Θ̂F ) = col{σ̂i(νi|Θ̂i)}, σF =
col{σi}, ϕF (νF ) = col{ϕi(νi)}, Ko

F = diag{Ko
i }, Γ1F =

diag{Γi1}, T F =diag{Ti}, Θ̂F =diag{Θ̂i}, ΞF =diag{Ξi},
and β1F = diag{βi1}, for i ∈ VF . With (12) and (13), it puts
into the dynamics of estimation subsystem as⎧⎪⎨

⎪⎩
˙̃νF = −(Ko

F + 1)ν̃F + σ̂F (νF |Θ̂F )− σF

˙̂
ΘF = −Γ1FT F (Θ̂F −ΞF )

Ξ̇F = −β1FϕF (νF )ν̃
T
F .

(20)

Lemma 3 shows the stability of the subsystem (20).
Lemma 3: The subsystem (20) specified by the dynamics

(11), the predictor (12), and the HT-based adaptive law (13)
results to be bounded with limt→∞ ν̃F = 0.

Proof: Consider a Lyapunov function candidate as

V0 =
1

2
ν̃T
F ν̃F + tr[(ΞF −ΘF )

Tβ−1
1F (ΞF −ΘF )]

+ tr[(Θ̂F −ΞF )
Tβ−1

1F (Θ̂F −ΞF )] (21)

and take its derivative along dynamics (20) as follows:

V̇0 = − ν̃T
F [(K

o
F + 1)ν̃F − σ̂F (νF |Θ̂F ) + σF ]

− tr[(ΞF −ΘF )
TϕF (νF )ν̃

T
F ]

− 2tr[(Θ̂F −ΞF )
Tβ−1

1FΓ1FT F (Θ̂F −ΞF )]

+ tr[(Θ̂F −ΞF )
TϕF (νF )ν̃

T
F ]. (22)

Since σF = ΘT
FϕF (νF ) + εF yields that σ̂F (νF |Θ̂F )−

σF = Θ̃
T

FϕF (νF )− εF with Θ̃F = Θ̂F −ΘF being an esti-
mation error, the derivative of V0 is deduced as

V̇0 ≤ − (
1 + 1)‖ν̃F ‖2 + ν̃T
F Θ̃

T

FϕF (νF )− ν̃T
FεF
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− tr[(ΞF −ΘF )
TϕF (νF )ν̃

T
F ]

+ tr[(Θ̂F −ΞF )
TϕF (νF )ν̃

T
F ]

− 2tr[(Θ̂F −ΞF )
Tβ−1

1FΓ1F (Θ̂F −ΞF )]

− tr[(Θ̂F −ΞF )
T (Θ̂F −ΞF )]ϕ

T
F (νF )ϕF (νF ) (23)

where 
1 = λmin(K
o
F ).

Using the property that tr(abT ) = aT b for any a, b ∈ �n,
one has the following transformation:

ν̃T
F Θ̃

T

FϕF (νF ) = tr
[
Θ̃

T

FϕF (νF )ν̃F

]
. (24)

Due to Θ̃F = (Θ̂F −ΞF ) + (ΞF −ΘF ), it follows that:

V̇0 ≤ − (
1 + 1)‖ν̃F ‖2 − 
2‖Θ̂F −ΞF ‖2F
+ 2tr[(Θ̂F −ΞF )

TϕF (νF )ν̃
T
F ] + ‖ν̃F ‖‖εF ‖

− ‖Θ̂F −ΞF ‖2F‖ϕF (νF )‖2 (25)

where 
2 = λmin(β
−1
1FΓ1F ).

According to ‖AB‖F ≤ ‖A‖‖B‖F, V̇0 is put into

V̇0 ≤ − (
1 + 1)‖ν̃F ‖2 − 
2‖Θ̂F −ΞF ‖2F
+ 2‖ν̃F ‖‖Θ̂F −ΞF ‖F‖ϕi(νi)‖+ ‖ν̃F ‖‖εF ‖

− ‖Θ̂F −ΞF ‖2F‖ϕF (νF )‖2 (26)

≤ − 
1‖ν̃F ‖2 − 
2‖Θ̂F −ΞF ‖2F + ‖ν̃F ‖‖εF ‖

− [‖ν̃F ‖ − ‖Θ̂F −ΞF ‖F‖ϕF (νF )‖]2. (27)

Furthermore, one obtains

V̇0 ≤ − 
1‖ν̃F ‖2 − 
2‖Θ̂F −ΞF ‖2F + ‖ν̃F ‖‖εF ‖

= − ξ1‖E1‖2 + ‖εF ‖‖E1‖ (28)

where ξ1 = min{
1, 
2} and E1 = [‖ν̃F ‖, ‖Θ̂F −ΞF ‖F]
T .

From Lemma 1, the approximation error εF is bounded and
satisfied with ‖εF ‖ ≤

√
3Mε∗. When ‖E1‖ ≥

√
3Mε∗/c1ξ1

with 0 < c1 < 1, it leads to V̇0 ≤ −ξ1(1− c1)‖E1‖2.
Similar to [61, Th. 4], it is concluded that the error signals

ν̃F , ΞF −ΘF , and Θ̂F −ΞF are uniformly bounded using
Barbalat’s lemma. Moreover, note that ‖Θ̃F ‖F = ‖(Θ̂F −
ΞF ) + (ΞF −ΘF )‖F ≤ ‖Θ̂F −ΞF ‖F + ‖ΞF −ΘF ‖F.
Therefore, the error Θ̃F is bounded by ‖Θ̃F ‖F ≤ θ∗ ∈ �+.�

2) Control Subsystem Analysis: In the subsequent analysis,
the model (3) is rewritten by (5), (11), and (16) as follows:⎧⎪⎪⎨

⎪⎪⎩
η̇F = RFνF

ν̇F = M−1
F γF μ̂FαF + σ̂F

(
νF |Θ̂F

)
−Θ̃

T

FϕF (νF ) + εF +M−1
F τFf

(29)

where αF = col{αi}, εF = col{εi}, τFf = col{τ if}, RF =
diag{Ri}, MF = diag{M i}, γF = diag{γi}, and μ̂F =
diag{μ̂i} for i ∈ VF .

Under Assumptions 1–3, the main result of this article is stated
by the following theorem.

Theorem 1: Consider a fleet of networked ASVs with the
action dynamics (3), the actuator fault (5), the individual objec-
tive (8), and the group objective (9). Under Assumptions 1–3,
all error signals of the closed-loop noncooperative-game-based
containment system are uniformly ultimately bounded with the
fuzzy predictor (12), the adaptive law (13), the fuzzy contain-
ment controller (18), and the parameter estimator (17).

Proof: The analysis progress will be completed via the fol-
lowing steps.

Step 1: Construct a Lyapunov function candidateV1 = (ηF −
η∗
F )

T (P ⊗ I3)(ηF − η∗
F ) and differentiate it along (29) as

follows:

V̇1 = (ηF − η∗
F )

T (P ⊗ I3)[RFνF + (L−1
1 L2 ⊗ I3)η̇L]

+ [RFνF + (L−1
1 L2 ⊗ I3)η̇L]

T (P ⊗ I3)(ηF − η∗
F ).

Substituting ∇(ηF ) and ∇(η∗
F ) into its derivative, one obtains

V̇1 = (ηF − η∗
F )

T (P ⊗ I3)[RFνF + (L−1
1 L2 ⊗ I3)η̇L

+∇(ηF )] + [RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )]

T

× (P ⊗ I3)(ηF − η∗
F )

− (ηF − η∗
F )

T (P ⊗ I3)[∇(ηF )−∇(η∗
F )]

− [∇(ηF )−∇(η∗
F )]

T (P ⊗ I3)(ηF − η∗
F ). (30)

Note that ∇(ηF )−∇(η∗
F ) = (L1 ⊗ I3)(ηF − η∗

F ) by (29)
and (15). Thus, we have the following inequality:

− (ηF − η∗
F )

T (P ⊗ I3)[∇(ηF )−∇(η∗
F )]

− [∇(ηF )−∇(η∗
F )]

T (P ⊗ I3)(ηF − η∗
F )

= −(ηF − η∗
F )

T [(PL1 +LT
1 P )⊗ I3](ηF − η∗

F )

− 
3‖ηF − η∗
F ‖2 (31)

with 
3 = λmin(PL1 +LT
1 P ).

Then, it puts into

V̇1 ≤ − 
3‖ηF − η∗
F ‖2 + 2λmax(P )‖ηF − η∗

F ‖

× ‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖. (32)

Step 2: Construct a Lyapunov function candidate V2 as

V2 =
1

2
‖RFνF + (L−1

1 L2 ⊗ I3)η̇L +∇(ηF )‖2. (33)

Taking the derivative of V2 and substituting (14), (18), and (29),
we obtain

V̇2 = [RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )]

T

{
−Kc

F [RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )]

−RF [Θ̃
T

FϕF (νF )− εF ] +RFM
−1
F γF μ̃FαF

− φF +RFM
−1
F τFf + (L−1

1 L2 ⊗ I3)η̈L

+(L1 ⊗ I3)RFνF + (L2 ⊗ I3)η̇L} (34)

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on December 22,2024 at 11:01:27 UTC from IEEE Xplore.  Restrictions apply. 



4198 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 32, NO. 7, JULY 2024

with μ̃F = μ̂F − μF , Kc
F = diag{Kc

i}, and φF = diag{φi}
for i ∈ VF .

With the aid of ∇(η∗
F ) = 03M and ∇(ηF )−∇(η∗

F ) =
(L1 ⊗ I3)(ηF − η∗

F ), V̇2 is deduced as

V̇2 = − [RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )]

T [Kc
F

− (L1 ⊗ I3)][RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )]

+ [RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )]

T [−φF

−RF Θ̃
T

FϕF (νF ) +RFεF +RFM
−1
F τFf

+RFM
−1
F γF μ̃FαF + (L−1

1 L2 ⊗ I3)η̈L

− (L1 ⊗ I3)
2(ηF − η∗

F )]. (35)

Under Lemma 2, Assumption 2, and (4) and (19), we have

[RFνF +(L−1
1 L2 ⊗ I3)η̇L+∇(ηF )]

T (RFM
−1
F τFf− φF )

≤‖RFνF +(L−1
1 L2 ⊗ I3)η̇L+∇(ηF )‖‖RFM

−1
F τFf‖

− δ tanh

(
δ[RFνF + (L−1

1 L2 ⊗ I3)η̇L +∇(ηF )]

κ

)

≤
√
Mτ ∗f/m‖RFνF + (L−1

1 L2 ⊗ I3)η̇L +∇(ηF )‖

− δ‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖+ 0.2785κ

≤ 0.2785κ (36)

for δ ≥
√
Mτ ∗f/m and ‖M−1

F τFf‖ ≤
√
Mτ ∗f/m with m =

min{mil} for i ∈ VF and l = u, v, r.
Substituting (36) into (35) and utilizing the property of

‖RF ‖ = 1 from (4), we obtain

V̇2≤ − (
4 −�)‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖2

+�2‖ηF − η∗
F ‖‖RFνF +∇(ηF )+(L−1

1 L2⊗I3)η̇L‖

+ ‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖ [‖εF ‖

+ ‖(L−1
1 L2 ⊗ I3)η̈L‖+ ‖Θ̃T

FϕF (νF )‖
]

+ [RFνF + (L−1
1 L2 ⊗ I3)η̇L

+∇(ηF )]
TRFM

−1
F γF μ̃FαF (37)

where 
4 = λmin (K
c
F ) and � = ‖L1 ⊗ I3‖F.

Step 3: Consider a Lyapunov function candidate V3 =
1
2 tr(μ̃T

Fγ
T
FΓ

−1
2F μ̃F ) with Γ2F = diag{Γi2} for i ∈ VF .

In what follows, the dynamics of V3 from (17) is expressed
as follows:

V̇3 = − tr
(
μ̃T

Fγ
T
Fβ2F μ̂F

)
− tr(μ̃T

Fγ
T
FM

−1
F RT

F [RFνF

+ (L−1
1 L2 ⊗ I3)η̇L +∇F (ηF )]α

T
F ) (38)

where β2F = diag{βi2} for i ∈ VF .
By means of the property that tr(abT ) = aT b, one obtains

V̇3 ≤ − 
5‖μ̃F ‖2F + 
6‖μ̃F ‖F‖μF ‖F −αT
F μ̃

T
Fγ

T
FM

−1
F RT

F

× [RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )] (39)

where
5 = min{γilβi2} and
6 = max{γilβi2} for i ∈ VF and
l = u, v, r.

Define V =
∑3

i=1 Vi and take its derivative based on above
results in (32), (37), and (39) as follows:

V̇ ≤ − 
3‖ηF − η∗
F ‖2

− (
4 −�)‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖2

− 
5‖μ̃F ‖2F + (2λmax(P ) +�2)‖ηF − η∗
F ‖

× ‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖

+ ‖RFνF + (L−1
1 L2 ⊗ I3)η̇L +∇(ηF )‖

×
[
‖(L−1

1 L2 ⊗ I3)η̈L‖+ ‖εF ‖+ ‖Θ̃T

FϕF (νF )‖
]

+ 
6‖μ̃F ‖F‖μF ‖F

= −ET
2 A2E2 +BT

2 E2 (40)

where E2 = [‖ηF − η∗
F ‖, ‖RFνF + (L−1

1 L2 ⊗ I3)η̇L +
∇(ηF )‖, ‖μ̃F ‖F]

T , B2 = [0, ‖(L−1
1 L2 ⊗ I3)η̈L‖+ ‖εF ‖+

‖Θ̃T

FϕF (νF )‖, 
6‖μF ‖F]
T , and

A2 =

⎡
⎢⎢⎢⎣


3 −λmax(P )− �2

2
0

−λmax(P )− �2

2

4 −� 0

0 0 
5

⎤
⎥⎥⎥⎦ .

If 
4 > (λmax(P ) +�2)2/4
3 +�, A2 is positive definite.
Then, V̇ satisfies

V̇ ≤ −λmin(A2)‖E2‖2 + ‖B2‖‖E2‖. (41)

From Lemmas 1 and 3, Assumptions 1–3, and the fact
that ‖ϕi(νi)‖ ≤ 1, we obtain that ‖(L−1

1 L2 ⊗ I3)η̈L‖ and

‖Θ̃T

FϕF (νF )‖ are bounded, namely, ‖(L−1
1 L2 ⊗ I3)η̈L‖ ≤√

N −Mη∗3 and ‖Θ̃T

FϕF (νF )‖ ≤
√
3Mθ∗. Due to 0 < γ

il
<

γil < 1 and γiμi = I3, it renders that ‖μF ‖F is bounded and
given by ‖μF ‖F ≤

√
3M/γ. Therefore, B2 is bounded by

‖B2‖ ≤
√
N −Mη∗3 +

√
3M(ε∗ + θ∗ + 1/γ) such that

V̇ ≤ −λmin(A2)(1− c2)‖E2‖2 (42)

for ‖E2‖ ≥ [
√
N −Mη∗3 +

√
3M(ε∗+θ∗ + 1/γ)]/c2λmin

(A2)

]
with 0 < c2 < 1. In conclusion, the closed-loop system

is input-to-state stable, and the ultimate bound is presented by

‖E2(t)‖ ≤ max

{
E2(t0)e

−λmin(A2)(1−c2)(t−t0),

√
N −Mη∗3 +

√
3M(ε∗ + θ∗ + 1/γ)

c2λmin(A2)

}
∀t ≥ t0. (43)

Remark 4: Here are relevant parameter guidelines to
reduce the ultimate upper bound of ‖E2‖. From (43),
we have limt→∞ ‖E2‖ ≤ [

√
N −Mη∗3 +

√
3M(ε∗ + θ∗ +

1/γ)]/[c2λmin(A2)]. It is seen that the larger λmin(A2) can
reduce the ultimate upper bound of ‖E2‖ via selecting the
large parameters Kc

i and βi2. Notice that larger gains will also
lead to overlarge control forces and undesirable oscillations.
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Fig. 3. Network topology for the noncooperative game.

TABLE II
PARAMETERS OF THE PROPOSED METHOD

Therefore, a tradeoff should be recommended between control
performance and implementation requirement.

IV. SIMULATION RESULTS

This section conducts a simulation verification to demonstrate
the effectiveness of the proposed noncooperative-game-based
fault-tolerant containment control scheme in Fig. 2. Consider
a containment pattern of five ASVs guided by four virtual
leaders, namely, VF = {1, 2, 3, 4, 5} and VL = {6, 7, 8, 9}. The
information relation among nodes is depicted via a topology in
Fig. 3.

This simulation employs the model ship named by CyberShip
II in [62] with parameters M i = diag{25.8, 33.8, 2.76}, Ci =
[0, 0,−33.8vi − 1.0948ri; 0, 0, 25.8ui;−33.8vi − 1.0948ri,
25.8ui, 0], andDi = [0.7225 + 1.3274|ui|+ 5.8664u2i , 0, 0; 0,
0.8896+36.5|vi|+ 0.805|ri|, 7.25 + 0.845|vi| + 3.45|ri|; 0,
0.0313 + 3.96|vi|+ 0.13|ri|, 1.9− 0.08|vi|+ 0.75|ri|]. The
environmental disturbance τ iw is modeled as a Gauss–Markov
process [63] as τ̇ iw + τ iw = wi, where wi ∈ �3 is the white
noise. This simulation is conducted in the MATLAB/Simulink
environment with the simulation time of 400 s and the
sampling frequency of 100 Hz. For the clarity, the initial
states of ASVs are presented in Table II. The reference
trajectory ηkd = [xkd, ykd, ψkd]

T with ψkd = atan2(ẏkd, ẋkd)
is given by [x6d, y6d] = [40− 40

√
2 sin(t/80− 3π/16), 40−

40
√
2 cos(t/80− 3π/16)], [x7d, y7d] = [40− 40

√
2 sin((t−

40)/80− 3π/16), 40−40
√
2 cos((t− 40)/80−3π/16)], [x8d,

y8d] = [40− 20
√
2 sin((t− 40)/80− 3π/16), 40− 20

√
2 cos

((t− 40)/80− 3π/16)], and [x9d, y9d] = [40− 20
√
2 sin

(t/80− 3π/16), 40− 20
√
2 cos(t/80− 3π/16)]. The control

parameters are set as Ko
i = diag{2, 2, 2}, Kc

i = diag{2, 2, 2},
φi = 5, Γi1 = 50, βi1 = 200, βi2 = 0.5, Γi2 = 5, δ = 20, and
ε = 2. Moreover, the membership functions for fuzzy approx-
imation are chosen as μJ l

1
(ui) = e−[ui−2(l−10)]2/4, μJ l

2
(vi) =

e−[vi−0.8(l−10)]2/0.64, and μJ l
3
(ri) = e−[ri−2(l−10)]2/4 with

l = 1, . . ., 19. Without loss of generality, the fault parameters

Fig. 4. Containment pattern of five ASVs based on the proposed method.

Fig. 5. Evolution of xi and x∗i for i ∈ VF .

are selected as γi = diag{0.6, 0.8, 0.7} and

τ if =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[8| sin(0.2t)|, 2, 2]T , 100 ≤ t < 150

[0, 5| cos(0.1t)|, 5]T , 200 ≤ t < 250

[5, 0,−2| cos(0.3t)|]T , 200 ≤ t < 250

[0, 0, 0]T , others.

(44)

To quantitatively evaluate performance metrics, we define the
average position-orientation tracking error (APOTE) and the
average disturbance approximation error (ADAE) as follows:

APOTEi =

√
1

t2 − t1

∫ t2

t1

‖ηi(ξ)− η∗i (ξ)‖2dξ (45)

ADAEl =

√
1

t2 − t1

∫ t2

t1

(σ̂l(ξ)− σl(ξ))2dξ (46)

where [t1, t2] denotes some time interval of simulation run for
0 ≤ t1 < t2.

Simulation results based on our proposed method are plot-
ted in Figs. 4–11, where the gray background indicates the
encountering period of actuator faults in (44). Fig. 4 draws
the actual trajectories of five ASVs and four virtual leaders
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Fig. 6. Evolution of yi and y∗i for i ∈ VF .

Fig. 7. Evolution of ψi and ψ∗
i for i ∈ VF .

Fig. 8. Velocity estimation profiles of the fuzzy predictor for ASV1.

with snapshots of all ASVs and virtual leaders at 0, 80, 160,
240, 320, and 400 s. It is observed that ASV1–ASV5 under
the designed controller (18) accomplish the containment pattern
defined in Fig. 3. Figs. 5–7 display the positions (xi and yi),
orientations (ψi), and the corresponding NE curves of five ASVs.
It shows that each ASV converges to the NE positions and

Fig. 9. Immediate control signals in the surge direction.

Fig. 10. Immediate control signals in the sway direction.

Fig. 11. Immediate control signals in the yaw direction.

orientations despite uncertainties, environmental disturbances,
and actuator faults. Fig. 8 presents the actual surge, sway, and
yaw speeds and the estimations from the proposed HT-based
fuzzy predictor (12). Figs. 9–11 present the evolving curves
of intermediate control signals in surge, sway, and yaw di-
rections, respectively. When the actuator is encountered in the
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Fig. 12. Containment pattern of five ASVs based on the comparative
method [19].

Fig. 13. APOTE of our proposed method and the comparative method [19].

fault situation, the control signals adjust to guarantee the con-
tainment tracking performance at once. For instance, the surge
thrusters of ASVs experience the bias fault 8| sin(0.2t)| during
t ∈ (100, 150). To avoid the negative effects, the controller αiu

starts to degrade under the robust term φiu. The reasons behind
fluctuations of control signals during other faults are also similar
and omitted in detail.

To further illustrate the merits of the proposed
noncooperative-game-based fault-tolerant containment control
method and the HT-based fuzzy predictor, we add two simulation
results compared to the containment control method [19] and
the fuzzy predictor [64]. To ensure the fairness, same initial
conditions and parameters are adopted in the simulation
comparison, which are plotted in Figs. 12–15. From Figs. 4
and 12, the multi-ASV containment pattern can be achieved
via both our proposed method and the comparative method.
However, from snapshots at 240 and 320 s, the negative
effects of actuator faults cannot be tackled by the comparative
method. Moreover, Fig. 13 presents the quantitative evaluation
results defined by (46) based on our proposed method and
the comparative method. It can be seen that the proposed

Fig. 14. Performance comparisons of the HT-based fuzzy predictor and the
fuzzy predictor [64].

Fig. 15. ADAE of the HT-based fuzzy predictor and the fuzzy predictor [64].

method has the smaller APOTE, which indicates the better
tracking performance. Figs. 14 and 15 depict the comparison
results of two predictors. From Fig. 14, it is clearly observed
that the HT-based fuzzy predictor can converge to the actual
disturbances σu(·), σv(·), and σr(·) with faster speeds. Based
on the performance metrics defined in (46), Fig. 14 shows that
our proposed predictor displays the better approximation ability
for unknown disturbances.

V. CONCLUSION

This article investigated a noncooperative-game-based fault-
tolerant fuzzy containment control method for networked ASVs
subject to uncertainties, environmental disturbances, and ac-
tuator faults. Specifically, an HT-based fuzzy predictor was
developed to estimate lumped disturbances consisting of model
uncertainties and environmental disturbances. The HT-based
adaptive law can improve the convergence rate of fuzzy weight.
With the designed HT-based fuzzy predictor, a noncooperative-
game-based fuzzy containment control law was developed to
achieve NE seeking in the presence of actuator faults. Finally,
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comparison results with quantitative evaluations illustrated the
effectiveness and superiority of the proposed noncooperative-
game-based fault-tolerant containment control method under
unknown actuator faults. For the future perspectives, it is promis-
ing to address: 1) the safety-critical optimal containment con-
trol of ASVs in an obstacle environment and 2) the potential
game-based optimal containment control of ASVs suffering
from cooperation constraints.
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