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This paper investigates a hierarchical optimal event-triggered framework for robust formation control
of underactuated autonomous surface vehicles (ASVs) in the presence of external disturbances. With
the game-theoretic formulations, our proposed hierarchical framework designs two optimal event-
triggered mechanisms (OEMs) at both coordination and control levels to conserve communication and
computational resources. Specifically, at the coordination level, a performance index is formulated to
optimize both guidance velocity and maximum triggering threshold by seeking the Nash equilibrium
of zero-sum game. The involved differential graphical game enables all ASVs to reach the global Nash
equilibrium under OEM-based sampling schemes. At the control level, a multiple-player zero-sum
game associated with the control input, sampling error, and external disturbance is constructed, and
a robustness-enhanced event-triggered control law in terms of the worst-case disturbance is derived
by solving the control-level Nash equilibrium. Then, an online learning implementation scheme is
developed to avoid solving coupled Hamilton equations using critic neural networks. It is proven that
the proposed framework not only guarantees all signals of the closed-loop system to be bounded,
but also excludes Zeno behavior by ensuring the positiveness of minimum sampling intervals. Finally,

simulation results are provided to validate the effectiveness of our proposed framework.
© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction virtual structure (Beard et al., 2001), leader-follower (Jin, 2016),
and graph-based approaches (Wu et al., 2024).

The formation control for multiple ASVs has been exten-
sively investigated in available works (Ihle et al., 2006; Liang
et al,, 2021). As stated in Peng, Wang, et al. (2021), graph-based
schemes allow for the distributed implementation throughout
local information interaction, thus improving the robustness, flex-
ibility, and efficiency. Representative results include the adaptive
dynamic surface control approach proposed in Peng et al. (2013),
where neural networks were incorporated to handle parame-
ter uncertainties and ocean disturbances. A curvature-unknown
channel formation tracking problem was addressed in Tang et al.
(2023) by developing an observer-based controller. Considering
limited individual abilities of the formation system, connectivity-

The growing demand for advanced maritime operations ne-
cessitates the deployment of autonomous surface vehicles (ASVs)
capable of performing coordinated missions with high reliability
and efficiency (Shi et al.,, 2017; Shojaei, 2015). As an active re-
search topic, formation control refers to derive a control protocol
that enables a fleet of ASVs to maintain a predefined spatial dis-
tribution for specific tasks, such as oceanographic data collection
and maritime security (Gu et al,, 2022; Ringbdck et al., 2020).
Over the past decades, various formation control approaches have
been developed, including behavior-based (Balch & Arkin, 1998),
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maintenance formation strategies were further explored based on
the artificial potential functions (Gu et al., 2019) and prescribed
performance functions (Dai et al., 2018; Park & Yoo, 2021). It
should be noted that aforementioned methods adopt a coupling
design between the formation coordination and control regula-
tion. Such a scheme may lack the flexibility in handling diverse
mission requirements. Recently, hierarchical control is gradually
sparking increasing attention due to its natural advantage to
decouple the group cooperation and individual regulations, with
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several results reported in literature Gao et al. (2015), Pan et al.
(2024) and Wu, Peng, Liu, and Wang (2022).

The optimality of multi-ASV formation is an important yet
challenging problem since it can balance the cooperation perfor-
mance and control resources (Shi et al.,, 2023). Several optimal
formation strategies have been reported in the last few years.
For instance, performance indices regarding the position and yaw
angle were defined in W. Wu et al. (2024) and Zhang et al.
(2023), where distributed Nash equilibrium-based control laws
were derived to achieve the optimal formation. Considering the
unavailability of the optimal output, Wang et al. (2025) developed
a distributed signal generator to reach the output optimality of
all agents. In Zhao and Li (2024), a distributed model predic-
tive contouring control method was presented to optimize both
tracking accuracy and speed while penalizing the difference in
contouring parameters among neighboring vehicles. In Yu et al.
(2024), the Stackelberg differential graphical game was integrated
into the optimal formation tracking of primary and secondary
ASV subgroups. However, the implementation of aforementioned
methods rely on continuous or periodic data transmissions, which
inevitably lead to high computational cost and energy consump-
tion on marine vehicles with limited onboard resources Wang
et al. (2024). Therefore, a resource-efficient scheme is crucial
to ensuring reliable and sustainable multi-ASV operations in the
long-term maritime missions.

Event-triggered control (ETC) has garnered significant atten-
tion for reducing resource waste while preserving satisfactory
control performance. The fundamental idea of ETC lies in a spe-
cific triggering condition to determine the control update or
information transmission (Ding et al., 2018). Recently, many ETC
results have been reported in the formation control of ASVs.
In Peng, Jiang, and Wang (2021), an event-triggered enclosing for-
mation method was introduced to reduce the data transmission
of controller-to-actuator channels using threshold-fixed trigger-
ing conditions. In Zhu et al. (2022), a state-based event-triggered
mechanism was designed to reduce the intermittent intervehi-
cle communication for distributed affine formation maneuvering.
Later, Xu et al. (2023) introduced an adjustable variable to design
a dynamic triggering threshold for the surrounding formation
control. Building on Xu et al. (2023), an improved scheme was
developed in Wang et al. (2024) to further reduce the controller
update by adjusting the triggering threshold and gain in parallel.
Moreover, more ETC results can be found in Zhou et al. (2023),
and references therein. These triggering conditions are derived
based on the system stability, in which sampling instants are
determined independently of performance indices. However, a
larger sampling interval is generally preferable in practical im-
plementations for resource conservation, resulting in an inherent
trade-off between performance and resource (Mazo & Tabada,
2008; Zhang et al., 2022).

Recently, some researchers have begun investigating the op-
timality of triggering condition. In Gommans et al. (2014), an
optimization-based self-triggered mechanism was develop to ob-
tain the maximum sampling interval, but which does not affect
the optimal value of cost functions. Based on the min-max strat-
egy and the algebraic Riccati equation, Sahoo et al. (2018) devel-
oped the optimal control and sampling polices via optimizing a
predefined performance index. Then, Xu et al. (2024) extended
the result of Sahoo et al. (2018) to a single multiple-input nonlin-
ear system. Nevertheless, above mentioned results are designed
for a single linear system or a single nonlinear systems without
external disturbances, and thus are not applicable to such a
practical system of ASVs with underactuation characteristic and
environmental disturbances. To the best of our knowledge, the
optimality of triggering condition has rarely been investigated in
hierarchical formation control.
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Motivated by the above discussions, this paper presents a hier-
archical optimal event-triggered formation control framework for
underactuated ASVs subject to external disturbances. The main
contributions of this paper are stated as follows.

(1) This paper develops a hierarchical optimal event-triggered
control framework consisting of both coordination and con-
trol levels, which decouples the multi-ASV cooperation and
individual regulations to enhance the flexibility and scala-
bility. In both levels, optimal event-triggered mechanisms
(OEMs) are developed to reduce the communication burden
and bandwidth occupation of the control execution.

(2) At the coordination level, we define a novel performance
index to simultaneously optimize both guidance velocity
and its sampling interval using the zero-sum and differen-
tial graphical games. This formulation enables event-based
optimal policies to be transmitted to the control level with a
maximum interval and achieve the global Nash equilibrium
of all players.

(3) At the control level, a robust ETC law is presented by for-
mulating a three-player zero-sum game that unifies the
control input, sampling error, and lumped disturbance. The
Nash equilibrium of this game establishes optimal control
and sampling policies with respect to the disturbance-worst
case.

(4) This paper presents a critic learning-based implementation
scheme to avoid finding the analytical solution to the cou-
pled Hamilton equations, where the persistence of excita-
tion condition is weakened by integrating the experience
replay technique.

This paper is organized as below. Section 2 presents prelim-
inaries and problem formulation. Section 3 designs the game-
based hierarchical optimal event-triggered formation control
framework. Section 4 provides a critic learning-based imple-
mentation scheme and stability analysis. Section 5 conducts the
simulation illustrations. Section 6 makes the conclusion.

Notations. Let N.o and R., be the sets of positive integers
and nonnegative real numbers, respectively. For any n € N.g,
1, and 0, are n x 1 column vectors with all elements equal to
one and zero, respectively. I, and 0,,,, denote the n x n identity
matrix and n x n matrix with all zeros. For convenience, 1.,
represents an integer set {1, ..., n}. Denote diag(-) as a block-
diagonal matriX. Amin(-) and Amax(-) denote the minimum and
maximum eigenvalues of a matrix, respectively.

Graph Theory: The internal information exchange of a formation
system is denoted by a graph G = {V, £}, where Vv = I;,y and
&€ C V x V are the sets of nodes and edges, respectively. For node
i, Ni 2 {j € V|(i,j) € &} describes a set of its neighboring nodes,
where the pair (i, j) being an information flow from node i to node
j. A = [az] € RN*N represents the adjacency matrix with a; > 0
if (i,j) € € and i # j, and a; = 0 otherwise. The Laplacian matrix
of Gis £ = [lj] € RN*N where I; = Zje./\f,- a;j and lj = —ay
for i # j. For the formation system guided by the leader node 0,
an augmented graph for all nodes is given by ¢ = {V, £} with
VY = VU {0}. Ay = diag(aj) € RN*N is the leader matrix, where
ajp > 0 if node i can access to the leader and a;y = 0 otherwise.
For the graph G, the corresponding Laplacian matrix is denoted

as L = L + Ay.
2. Problem formulation
Consider a set of N underactuated ASVs with 3 degrees of

freedom. Let (x;, y;) and v; be position and yaw angle in the earth-
fixed frame Xz — Yg, and u;, v;, and r; be surge, sway, and yaw
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Fig. 1. Illustration for hand-position transformation.

velocities in the body-fixed frame Xz — Y. According to Fossen
(2011), the mathematical model of the ASV i (i € I;.y) subject to
wind, waves, and currents can be described as

X = U; COS Y; — v; Sin Y

Vi = u;sin i + vj cos ¥

1/'/1' =T

U = fului, vi, 1i) + GuTuw + T4
v = fi(ui, vi, 1) + Ti(:,)

i = firlug, vi, 1) + Girtir + T

with fi(u;, vi, i) = (M — Yo, Juiry 4 Xugug i lui | + Xy ui) /(mi — X, ),
Solui, vi, 1) = ((=my + Xy uiri + Yo vilvil + Yyvi)/(m; — Yy,),
fir(ui, vy, i) = ((=Xg; + Y, uivi + Ny 1ilril + Ny 1i) /I, — Ny, ), 8w =
1/(m; — Xy;), and g;- = 1/(I;; — N;;) be written as fi(+), fi(-), and
fir(+) for brevity, where m; is the mass of the vehicle, I,; denotes
the inertia moment in yaw, {X), Y{.), N¢)} are hydrodynamic pa-
rameters. 7, and t; are control force and moment, respectively.
7{7 and ;7 are unknown disturbances caused by wind, waves, and
currents.

Inspired by Paliotta et al. (2018), the hand-position trans-
formation technique is employed to handle the underactuation
problem of ASVs given by (1). Shown in Fig. 1, hand position
refers to a point located at a predefined distance ahead of the ve-
hicle along its surge direction. Specifically, define the coordinate
transformation

X; + lcos ¥; u;
D= I:yi + Isin wl] , i = R(\/’i) |:vi 4 lT‘,‘] (2)

where p; and g; are states of transformed system, [ > 0 is the
hand length, which can be chosen in practice such that p; is
the position of a certain sensor on the ASV (Lu et al., 2024).
R(Y;) = [cos ¢, — sinyy;; siny, cos ;] is the rotation matrix.
Then, it yields from (2) that the dynamics of ASV i is

Pi=4q; (3)
G =o0iq)+ T+ o (4)
with

_ | ful)— v =1
O’i(q,') = R(y;) |: () + Ui () + uiri:| s

t(,l)

L R 8iuTiu L i i
Ti = R(I//l) I:lgirfir] , W= R(l)[,l) |:ficz(;) _;_ul.[icro:| .

Remark 1. The considered dynamics (1) is a typical vehicle
model equipped with only surge and yaw actuators and widely
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used in practice (Peng, Wang, et al., 2021). The absence of sway
actuators naturally brings the underactuation property, leading
to the indirect implementation of sway motion control. Recently,
there have been several guidance strategies focusing on the un-
deractuation challenge, such as line-of-sight (Wu, Peng, Wang,
et al, 2022), constant bearing (Breivik et al., 2008), and pure
pursuit (Breivik & Fossen, 2008). In contrast, the hand-position
approach possesses two-fold advantages: (i) the modeling with
hand position as system output can yield a double integrator and
also remove yaw constraint; and (ii) the alignment of hand and
sensor frames mitigates the deviation between measurement and
desired path, thereby improving formation accuracy.

To achieve the formation mission, consider a virtual leader
moving along the trajectory p, = [xo + [cos g, yo + Isin ],
where (Xo, yo) and ¥ are position and angle of the leader with
Yo = atan2(yo, Xo). Then, define a distributed formation error of
ASVias

Zjp = Zaij(pi - D — Aijo)
JeN;

+ aio(p; — po — Aio) (5)

with Ao = Ay — Ajo, Where Ay, Ajp € R? are the predefined
deviations with respect to the leader, shown in Fig. 1.
Based on (3) and (5), the dynamics of z;; is given by

ziy = (di + aio)q; — Z a;iq; — ioPy (6)
JeN;
where d; = Y .\~ Gj.

Assumption 1 (Ren & Beard, 2008). The graph G contains a span-
ning tree with the root node being the leader node.

Assumption 2. For the leader p,, there is a constant go > 0 such
that [|po | =< qo.

Remark 2. Assumption 1 is a typical condition that achieves
the distributed formation tracking objective. If there exist some
follower ASVs that cannot directly or indirectly access the leader,
they will not be capable of following the leader. Note that the
matrix £ is asymmetric and the real parts of the eigenvalues are
positive under Assumption 1. Assumption 2 is used to constrain
the update rate of reference signal. From a physical perspective,
bounded input energy will not generate the unrestricted change
of the system output, which is mild and practical for the ASV
system. Similar assumptions are adopted in the existing work,
such as Peng et al. (2013), Reis et al. (2023), Ren and Beard (2008),
Ye et al. (2025), and references therein.

Control Objective: This paper aims to propose a hierarchical
optimal event-triggered formation control framework that can
achieve: (1) each ASV can track the virtual leader and hold a
predefined distance such that lim;_, o, ||p;— Py — Al < &;, where
&; is positive constant; (2) all signals of the closed-loop system
are bounded; and (3) Zeno behaviors under the designed OEMs
are excluded.

3. Hierarchical optimal event-triggered formation control
framework design

This section proposes a hierarchical optimal ETC framework
for robust formation tracking of underactuated ASVs. In the co-
ordination level, define a performance index involving both zero-
sum game and differential graphical game to derive the optimal
guidance law and sent it to the control level by the coordination-
level OEM. In the control level, another performance index is
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Fig. 2. Block diagram of the hierarchical optimal event-triggered formation
control framework.

presented to simultaneously optimize the control input, sampled
input error, and external disturbance with a multi-player zero-
sum game formulation. Then, the event-based control law and
another OEM are obtained together with the worst-case distur-
bance. The overall diagram of developed framework is depicted
in Fig. 2.

Step 1: To begin with, we denote by p;; = p(tiis) and p;; =
Di(ti1,s) latest states of ASV i at any instant t;; 5, where {t;; }o2,
is a triggering instant sequence with tj; 0 = 0 and s € N..
In the framework shown in Fig. 2, neighbors of each ASV only
access to the state information from it when this ASV determines
to broadcast to them. Under the event-triggered implementation,
we can rewrite the dynamics (6) with sampled values ¢;; and

q;s = q]-(tj,s) das

2y = (d; + G0)is — ) dyljs — GioPo- (7)
JeN;
Let ej s = q; s — q; be the error between continuous velocity q;

and sampled velocity q; ;. Substituting e, ; into the dynamics (7)
further yields as

zin = (di+ @0)(g; + €iqs) — Y _ 45 — Gioo. (8)
JENG
Next, define an infinite horizon performance index for ASV i
with the event-based error dynamics (8) as follows

o0
Ji(zi1, q;, eig.s) :/ 7i1(Zi1, q;, €ig,s)dt 9)
0

i T T 2,T
with 7i1(2i1, G, €iqs) = 2;QinZi1 + @; Aigl; — Vi €, s€iq.s» Where
Qi = Q,: € R™"and Ay = A; € R™™M are positive definite
matrices, and y;; > 0 is a constant satisfying A,-;l > Iz/yié.

Remark 3. In the ETC scheme, the sampling interval Tj; s =
tins+1 — tins is always expected to be as long as possible to
conserve communication resources, yet it may impose the neg-
ative effect on the system stability. Following this, e, s intends
to maximize the performance index (9) while the velocity q;
tries to minimize it, where the terms q; and ej,s display the
opposite objective. Thus, a min-max problem of e;;s and q; is
formulated as the zero-sum game problem. Then, minimizing
(9) can simultaneously optimize q; and ej;s to reach the Nash
equilibrium. Unlike traditional ETMs in Dai et al. (2023), Huang
et al. (2024) and Lu et al. (2022), this scheme establishes a bridge
between sampling frequency and formation performance, which
is desirable in practical implementations.

Remark 4. It is observed from (8) that the performance index J;;
of each ASV depends not only on its own behavior but also on the
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Fig. 3. Illustration on the hierarchical structure of the proposed optimal event-
triggered robust formation control scheme.

behavior of its neighbors. Then, J;; can be explicitly rewritten as
]i](zila q;, €ig.s; (1 i» €—ig, S)With q_ = [q1 PR q, 1° ql+1s B qN]T
and e_j; 5 = [e1 e e(TI 1)qs’e(-|1—+l)qs"' eNqS]T implying that
(9) involves a dlfferentlal graphical game of multiple ASVs, shown
in Fig. 3. This formulation provides a framework that allows
each ASV to have both cooperative and competitive objectives.
Herein, ASV i, i € I,y tries to optimize its policy pair (q;, eas)
against neighbors’ policies (q*;, e* lqs) such that Ji1 reaches to
the optimal game value Ji1(z;1, q, e, s i €4 6)- Therefore, the
game formulation of the coordination level enables each ASV to
achieve the event-based optimal outcome for the control level
under the interval-maximal sampling mechanism.

To drive the convergence of system (8), define an optimal
value function associated with Ji(z;, u;, e;) as

o0
Vii(zi1) =min max/ 7i1(Zi1, q;, €ig,5)dd
t

qi s
oo
:/ min(zi1, 47, ejy )ds (10)
t

where ¢} is the guidance velocity for the local control level to
be updated by the corresponding OEM, e, s is the maximum
sampling error to be used as the triggering threshold of this OEM.

From (8) and (10), a Hamilton-Jacobi-Isaacs (HJI) equation is

formulated as
Hi(zi1, q;, €, VV})

= 7z, a7, ) + YV ((d+ ao)a; +efy)

- Zal] q; + €. afoﬁo) (11)
JeNi
where VV{ = 0V}(zi1)/9z;; denotes the partial derivate of

Vii(zi1) with respect to zj;.
By solving 0H;i(zi1, q;, €}, s VV3)/9q; = 0 and dHj(zi, qf,

equs, VV}i)/0e; = 0, the optimal strategies are obtained as
% di + Ao , _ %

g = ———— A VVi(zi) (12)
. d; =+ Aijo %

€ = Izy,zl VVi(zi). (13)

Then, the event-triggered optimal guidance law for Vt €
[ti1s, ti1.s+1) can be given by
. _ _ditapo
2

qi,s -

A,‘Elvvﬁ(zil,s) (14)



W. Wu, L. Xu, R Liu et al.

where zi1s = 3 i v ii(Pis — Pj.s — Ajjo) + aio(Pis — Po — Aio) is
the sampled value of z;;.

To achieve the maximum-interval sampling for coordination
level, we employ the optimal value e;jz,s as the triggering thresh-
old to derive the following OEM

(di + aip )

VVEI? Y. 15
™ [ 11”} (15)

. 2
titst1 = mf{t > tirsllleigsll© >

Assumption 3 (Khalil, 2002). For the optimal value function
Vii(zi1), there exists a constant w;; > 0 such that [|[VVi(z;)] <

Mitllzi ll.

Theorem 1. Supposed that Assumption 3 holds and V}3(z;1) satisfies
the HJI equation (11), then the N-tuple policy pair {(q;, €], ;) ,N:l
constitutes a global Nash equilibrium, and the event-based error
system (7) with the optimal guidance law (14) is asymptotically

stable under the OEM (15).
Proof. The proof is given in Appendix A.

Step 2: Based on the dynamic surface control technique, define
errors z; and z; as follows

Zp =q; — ajg (16)
Zig=aig — G} (17)

where §; will be later given by (32), &y, is the output of the
following first-order filter

@ig(0) = §;(0) (18)

where «j, is a positive constant to be designed.

To alleviate the bandwidth load of execution channels, another
event-triggered mechanism is introduced in the local control
level. In this context, the control input ;s = 7;(t;2 s) stored in the
zero-order holder (ZOH) is released to the actuator of ASV i at the
triggering instant t;; s with tj o = 0 and s € N, (. Substituting the
sampled input ;s into the dynamics of z;; based on (4) and (18),
then it gets

. Ak
Kig®iq + otig = q; ,

zZp =oi(q) + Tit e+ o+ % (19)
Kia
where e;; ; = ;s — T; is the error between the continuous control
input and its sampled value.
To proceed, define an infinite horizon performance index for
the event-based system (19) as follows

Jo(zi, Ti, € 5, »;)
o0

=/ Ti(Zi, Ti, €jr s, @;)dt (20)
0

with 7;(ziz, T €ir.5. @) = 2,QpZi + T AiTi — v2e] eirs —
y2w/ o, where Q; = Q) € R™" and A;; = A € R™™
are positive definite matrices, y;; and y;, are positive constants
tisfyi 292 L, — y2 Aip — y2 A, 0
satistying y;z Vi, l2 — ¥, Aic — ¥z Aic > 0. )
Then, an optimal value function associated with Ji»(z, i, €ir s,
w;) is expressed as

o0
V5(ziz) = min max max/ i2(Zi2, Ti, @iz 5, @;)dS
t

Ti €rs O

[o ]
= / mia(2i, T}, € , @] )dé (21)
t
where 7} is the optimal control input, €}, is the maximum
sampling error, and ; is the worst case of external disturbances.
Based on the min-max strategy, the HJI equation associated

with Vj(z;;) is formulated as
], VV3)

* ok
Hp(ziz, T;,€
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= mp(2p, T}, € o, @)+ V5T (m(qf) + 1
Z:
+e. +of + ﬂ) (22)
i
with VV;E = 3‘/1»;(21'2)/8(21‘2).
Letting BH,-Z/Bt,- =0, aH,-z/aeiT,s = 0, and 8H,~2/8w,- = 0, it

yields the optimal policies 77, €], ;, and @] as
1 _
T =— 5Ai,wv;z;(z,-z) (23)
1
€irs =55 VVilzi) (24)
1T
* 1 *
®; = VViz(z,-z). (25)

iw
Then, the event-triggered optimal control law and the optimal
disturbance policy with the sampled error zj5 s = zp(tins) are
obtained as

1 _ *
T = _EAirlvViz(ziZS) (26)
1
s = —5 VV;(Zis) (27)
zyiw

where the next triggering instant ¢, (s1) will be updated by the
following OEM with e, ; being the triggering threshold

. 2 1 * 12
tosen = inf{t > toslllensl? = I VV5I ). (28)

it

Remark 5. Disturbance w; plays an opposite role that degrades
the control performance at the control level, which demonstrates
the noncooperation objective against the control input, together
with the sampling error e;; . Then, we formulate the performance
index J;; as a multi-player zero-sum game problem to be opti-
mized by minimizing 7; while maximizing e;; ; and ;. In the
game-theoretic framework, the minimization of (20) can derive
the optimal values 7, €}, , and ;. The sampling strategy with
e; ; as the triggering threshold can determine the maximum
interval to reduce the bandwidth occupancy of the execution
channel. Moreover, the worst-case disturbance w} can achieve the
minimum impact on the system performance, which is benefi-
cial to enhance the robustness of the multi-ASV system against
external disturbances.

Remark 6. Note that the implementation of above OEMs is
different from the dual-trigger scheme proposed by Wu, Chen,
Chadli, and Li (2024), where the trigger for speed control is forced
to update once the first trigger acts. In this paper, OEMs (15) and
(28) are activated and implemented at the corresponding level,
which relaxes the constraint between them that allows the OEM
(28) to update the controller with the lower frequency. Specifi-
cally, it gets from (13) and (15) that the smaller y;, will enlarge
the triggering threshold and increase the sampling interval Tj s
for the coordination level. It implies that the control level holds
the optimal guidance law for a longer period Ti; 5. The low update
frequency from the coordination level is beneficial for converging
the error z;; and enlarging the control-level sampling interval
Tias = tins+1 — tios fOr a given y;.. In this case, the control law
also holds the sampled value for a longer period, yet leads to an
increase in the formation tracking error and further forces OEM in
the coordination level to decrease the sampling interval Tj; s for
better formation performance. Therefore, it shows that two OEMs
indirectly influence each other’s updates.

Assumption 4 (Khalil, 2002). For the optimal value function
Vi (zi2), there exists a constant pj; > 0 such that |[VVi(zp)|| <
mi2llzizll-
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Theorem 2. Supposed that Assumption 4 holds and & satisfies
the HJI equation (22), then the policy pair (], €, ;, @) consututes
the Nash equilibrium, and the event-based error system (19) with
the optimal control law (23) and the worst disturbance (25) is

asymptotically stable under the OEM (28).
Proof. The proof is given in Appendix B.

4. Critic learning-based scheme for hierarchical optimal event-
triggered formation

In this section, a critic learning-based scheme is presented
for the hierarchical optimal event-triggered formation control of
multi-ASV system, where critic NNs are used to handle unknown
game values.

Step 1: Note that the implementation of aforementioned optimal
strategies (12) and (13) for the coordination level depends on
the associated value VVJ. However, it is difficult to solve the
analytical solution from HJI equation (11). To this end, we rewrite
VV;; based on (12) and (13) as

» 24
vvll_(d T ag? (HZH Czlzaqu

JeN;

. Aiq 0
— Uil 4+ ———VV: 29
aiO(z]l’O) (d;i + ap)? i1 (29)

where kj; > 0 is a constant, &;; = ylg(yifllz — Ajg)7', and VVi] =
(di + a0)? A, VVi; = 2(kinzin — £1(X e n; @55 + Giobo)).

Considering the unknown VV}3, then the nonlinear function
va can be approximated by a single critic NN

VVS(zir. p;) = @} 1(zi1, P;) Oic1 + €ict (30)

where ¢;(zi1, p;) € R*™<2 is 2 x 2 block diagonal matrix with
diagonal elements being activation functions, ®;.; € R®*™ and
€1 € R? denote the ideal weight and approximation error
bounded by [|@;ll < 61 € RT and [€i]l < € € RY,
respectively.

Since the ideal weight @;.; is unknown, the function VVO can
be replaced by its estimation VVS = <p£(z,<1,p1)@,c1 with @i
being the estimation of @;.;. Then, it yields that estimations of
VVi, qf, and elq by incorporating va

N 2A;
Vvﬂ M(ann lezaqu

JEN;
. 1 -
— QiogiyPo t+ E‘Pj—q(zil’pi)@icl> (31)
A%k 1
q; = d s KinZi1 — gllzaqu
JEN;
. 1 -
— @iogyPo + §¢£(Zmpi)@ic1> (32)
A% Aiq (
&=z — 4 Y oy
iq,s Vié(di'i‘aio) 114i 11]% yHj
. 1 -
— @by + ng(lil,Pi)@im) (33)

To proceed, the associated HJI from (11) is derived as
Hir(zi1. @, L Vi)
= 7z, @ é;':,,s) + VT (s + )@ + &)

_Zalj q]

JEN;

Jq s) Clioi?o> £ ey (34)
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where e;.; denotes the Bellman residual error. To minimize the
square function Ej.; = e?cl /2, an adaptive law is designed to tune
the NN weight given by

Ny
A Ni1 X; Ni1 Xi1,e
O = — lbz Leicr —Z bzl €icl,¢ (35)
i1 = Dite

where nin >0 is a constant, and b,1 = 1+ x| xi with x” =

de;c1/0 @wl = @i Arq((d + alO)(ql + elq s)— ZJGN au(qj €, 5)
aioPo)/(d; + ap)?. The last term integrates the experience replay
technique (Chowdhary & Johnson, 2010) to relax the persistency
of excitation condition. x;; 4, €ic1,¢, and bjy ¢ are the stored histori-
cal data over t; € [ti1s, ti1,s+1)) for £ € {1,2, ..., N} with N, > 1
being the number of NN nodes.

Step 2: Similar to the reconstruction of (29), then decompose
VV} as

1
Kf@iz%)

1o

+ A, VV) (36)

VV5 =24, (Kizziz + &poi(q) +

where ki > 0isa constant, &, = vy (vivily — vi A —

Y2 Ai)"Vand VV3 = AV — 2kpzip — 28,(0i(G;) + Zig/Kia)-
Itis noted that smooth functlons oi(q;) and VVJ are unknown,

thus there exist NNs ¢ (q;)@;, and ¢} (zi2, q;) @ic> such that

oi(q;) = ¢, (4) Oy + €5 (37)
VVS(zi2, @) = @p(zi2, 4) Oic2 + €ic2 (38)

where ¢,.(q;) € R*™2 and ¢,(zi, q;) € R¥*™2 are activation
functions, @, € R*™ and @; € R®" are ideal NN weights
bounded by || @i || < 0y € RT and ||@i2|| < 6icy € RT, and
€, € R? and €, € R? represent approximation errors with
l€io |l < & € RY and [l€ic2|l < &2 € RT.

Based on optimal policies (23)-(25), then yield approximated
values of VV3, 7, €} , and o] as

N 1
VV;; :2Air (KiZZiZ + 4';2‘.0;(‘1,')@:5 + ;12Z1q

Kio

1 R
+ 5‘/’5(21‘2,‘11)91'&) (39)
A%k T Ve 1
T = —KkZip — £p9is(4)) O — :CiZZiq
la
1 R
- 5‘?;(2127qi)@ic2 (40)
Ak Air T
€ =" (Kizziz + 8200 (4) @i + szzrq
Viz Kia
1 4 ~
+ 5%2(212,‘11‘)@1&) (41)
Ak Air T
0 =— (Kizziz +2,05,(4) O + szth
iw Kio
1 4 ~
+ E(Piz(ziLqi)@icZ)« (42)

where (pw(ql)@w and q)lz(zlz, q,)@,cz are the outputs of the iden-
tifier (37) and critic NN (38) with @,0 and 6,52 being estimations
of @, and Oj;.

With the gradient descent and experience replay techniques,
the adaptive laws are developed to update weights as

Ny
A Ni2 Xi Ni2 Xi2,
Oz =— —5eics — Z - “eica.e (43)
bi2 =1 biz,e
O =I(9i,2i2 — 113 Oic) (44)
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Fig. 4. The communication topology and the predefined formation for follower
ASVs and virtual leader.

Table 1
Model parameters of ASVs used in simulation.
Parameter Value Parameter Value
m; 238 L, 1.76
Xuy —0.7225 Xi 2.0
Xujluil —1.3274 Yy, —0.8612
Yy, —10 Yoijuil —36.2823
Ny, -19 Ny, -1
Nirijr -075

where n;; > 0, 53 > 0, and [} > 0 are the glesigned constants,
eicx 2 mp(zip, 1), €, . @) + VVi (0l (4)Oi + T} +Aé?;,s +
o + ziq/TKioz)v b = 14 xpxp With x, = 03€/00i =
P Ai(0,,0,(q)+ T + e, s+ & +2zig/Kio), and xip p, €ica.0, bin e
represent stored values of x;,, €2 and bj, at £th recorded instant.

Theorem 3. Consider underactuated ASVs with dynamics (1),
the critic learning-based policies (32), (33), and (40)-(42), the
first-order filter (18), and the adaptive laws (35), (43), and (44).
Under Assumptions 1-2, then i) all error signals of the result-
ing closed-loop system are bounded, namely all ASVs achieve the
predefined formation with given deviations; and ii) Zeno behavior
is excluded by ensuing the positive minimum sampling interval
Tik,min = )\min(gik) ln(tipik,min + 1)/Kik >0, k= 1,2, where lIjik.min is
a positive constant.

Proof. The proof is given in Appendix C.

5. Simulation results

This section provides a simulation case to validate the effec-
tiveness of our proposed method. Consider a 5-ASV formation
control for target tracking problem, where ASV 1 acts as an
evader and ASVs 2-5 act as pursuers. The communication topol-
ogy among ASVs and virtual leader is displayed in Fig. 4, which
also depicts the desired spatial configuration with predefined
deviations Ayg = [0,0]T, Ay = [0,10]7, A3 = [10,0]T,
Ay = [-10,0]7, and A5y = [0, —10]". In this scenario, ASV
1 is guided by a virtual leader (labeled as 0) to follow a given
trajectory [xo(t), yo(t)]T = [40 — 40ﬁsin(t/80 + 37 /16), 40 —
40ﬁcos(t/80 + 37/16)]". In the simulation, model parame-
ters of used ASVs are presented in Table 1 for brevity. And
initial states of the evading ASV together with follower ASVs
are set as [20, —10,7/2]7, [30, —10,7/2]T, [40, —10,7/2]T,
[0, —10,7/2]7, and [10, —10, 7 /2]T, sequentially. The parame-
ters for (32), (33), and (40)-(42) are specified by Q;; = Q;, = I,
Ayg = Ajy = I, ¥ig =5, 7i, = 4 Vi, = 2, kn = diag(0.2,0.5),
kip = diag(5, 10), ni1 = 0.5, kip = diag(1, 1), niy = 0.5, n2 = 1,
ni3 = 10, and I; = 2. The simulation test is performed in MATLAB
with a runtime of 250 s and a step size of 0.05 s.

The simulation results using the proposed hierarchical optimal
formation control method are shown in Figs. 5-9 and Table 2.
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Fig. 5. The motion trajectories of ASVs 1-5 with formation snapshots at O s,
50 s, 100 s, 150 s, 200 s, and 250 s.

Table 2
Triggering statistics for coordination and control levels.
Triggering ASV Max. Triggering Triggering
mechanism No. interval count ratio
1 2.75 156 3.12%
Coordinat- 2 4.05 162 3.24%
ion Level 3 4.45 193 3.86%
4 4.00 278 5.56%
5 4.10 274 5.48%
1 1.85 1475 29.50%
Control 2 2.05 1476 29.52%
Level 3 1.55 1490 29.80%
4 1.70 1515 30.30%
5 1.40 1476 29.52%

The trajectory of the virtual leader and the actual trajectories
of ASVs 1-5 are drawn in Fig. 5. From motion snapshots in Fig.
5, the target tracking formation of ASVs 1-5 is achieved under
the intermittent communication. For clarity, Figs. 6-9 display the
simulation results during 0-50 s. The sampling velocity errors
eig,s and corresponding triggering thresholds (d; + a;p)VV}; /(2)/,.2)
based on the OEM (15) are presented in Fig. 6. According to Figs.
6 and 7, the next sampling instants t;; ;1 are reset when these
thresholds are violated by the sampling errors. It is clear from
Fig. 7 that the adjacent sampling intervals T;; ; begin to enlarge
as the formation system tends to the stability. The maximum
inter-sampling intervals, triggering counts, and triggering ratios
of each ASV under the OEM (15) are listed in Table 2. Similar
to Fig. 6, Fig. 8 draws the evolution of the control input errors
eir,s and triggering thresholds Vsz‘/(Zyif) based on OEM (28).
The aperiodic inter-sampling instants for the control level are
shown in Fig. 9. And the maximum intervals, triggering counts,
and triggering ratios under the OEM (28) are also listed in Table
2.

6. Conclusion

This paper considers an event-triggered formation control
problem of underactuated ASVs subject to external disturbances.
A hierarchical optimal event-triggered framework is developed by
integrating game theory with multi-level event-triggered design.
At the coordination level, the optimal guidance velocity and the
maximum triggering threshold were obtained via solving the
zero-sum differential graphical game, enabling the global Nash
equilibrium solutions of all ASVs under the coordination-level
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Fig. 9. Aperiodic inter-sample instants for ASVs 1-5.

OEM. Next, a multi-player zero-sum formulation for the control
level facilitated the derivation of a robustness-enhanced control
policy that accounts for the worst-case disturbances while re-
ducing unnecessary control updates. Then, the online critic-based
learning scheme was developed to approximate the associated
value functions in real time. Theoretical results show that all
signals of closed-loop system are bounded and that Zeno behavior
is excluded by ensuring a positive minimum inter-event inter-
val. Finally, simulation results illustrate the effectiveness of the
proposed hierarchical framework. Future work will investigate
optimal event-triggered formation tracking problems without
continuous information broadcasting and monitoring.

Appendix A. Proof of Theorem 1

Define a Lyapunov function candidate Vj; =
its derivative along the dynamics (7) below

Vig =VV;iT ((di + Gio)g; s — Z aijqj s — ﬂiOi’g)
jeN;

=vv;iT ((di + aio)(q; + €ig.s)

Vii(zi1) and take

— > ay(g; + i) — afom). (45)
JEN;

Then, substituting (12)-(13) into (45) and using H;1(z;1, q;, e;;ys,
VVi)=0and 2qu s = (di+a,-o)VV;'; derived from (13), we have
Viq = ZHQilzil - q;k Aqul + qu qu zqs

— (di + a)VV;i' (e} ; — €igs)
== ZIQHZH - q;kTAqul + qu zqs zqs

(46)
from (15). Under Assump-

Zqu iq,s lq s + 2)/u;(ezq selq S

Note that the fact e,q SCigs < €T
tion 3, then it follows

) i+ a0’ (1 T2
Vig < —2},Quzin — %VVHT A~ Vi
qu
— cillza|? (47)

where ¢1 = Amin(Q;1) + :un(d + alO)ZAmm(A T IZ/V;q)/4 >0
since Q;; > 0 and A;, ]—Iz/y > 0. Then, one has Viq < 0, which

iq,s 1qs

A

IA
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further implies that the event-based system (8) is asymptotically
stable, and Vj(zi1(00)) = 0.
In what follows, we can rewrite J;; as follows

Ji(zi1, q;, eigs)

o0
= / (ﬂ'n(zn, q;. €iqs) + VVii T ((di + aio)(q; + eig.s)
0

=) ay(g; + €jgs)
JeN;

From (12) and (13), it results to ZA,qql (d +app)VV{ and
2qu iqs = (di + aio)VVij. Using Hiy( zﬂ,ql, * . VVE) = 0 and
assuming the neighbors’ policies q; = q] ancli] €gs = Jq ,» then
one has

- aioi’o)>df + Vii(zi1(0)).

Jn(zi1, 4, €igs, 424, €4 o) = V;1(2in(0))

+ / (@5 — )T Al — @)t
0

o0
- / V(s — € ) (€is — €5 L. (48)
0

Obviously, it gets from (48) that three cases hold: i) Ji1(zi1, qf,
1qs’q—z' _lqs) = V;3(zi1(0)) for q; = qf and ey = elqs, ii)
Jnlzin. 0. €. €7 €40,0) = V(20 (0 N+ (@—4; )TA,q(ql —q;)dt
for q; # q; and e:qs = e,q o and iii) Ji(zi1, 47, €iqs, 47, 7,q s) =
( z;1(0)) fo qu €igs — ezq,s) (ezq,s - ,q’s)dt for q; = q;‘k
and eqs # e . Therefore, it yields that the N-tuple policy
pair {(q7, e,fj]’s)}i:l is the global Nash equilibrium and the event-
triggered graphical game reaches to the optimal value such that
Jin(zin(0), a7, € . g7, €, ) = Vi(zi1(0)) given by the HJI solu-
tion (11). This completes the proof

Appendix B. proof of Theorem 2

Select a Lyapunov function candidate V(z;;) and follow the

similar argument used in the proof of Themem 1. It concludes
that the event-based system (19) is stable under Assumption
2 and lim;,2z;; = 0. Further, it gets that the policy pair
(7], €, 5, ) is the Nash equilibrium of multi-player zero-sum
game by Jn(zip, T}, €ir.5. @) < Jo(Zo. 7). €}, 0}) < Jo(zn, Ti,
€ 5 7).
Remark 7. It is observed from (47) that a larger c;; facilitates
a faster convergence to the Nash equilibrium for optimization
problem (9), which can be achieved by increasing Q;; and yj,
while decreasing A;. Similarly, larger values of Q,, iz, and Ve,
together with a smaller A;;, can accelerate the Nash equilibrium
seeking for optimization problem (20). However, such parameter
tuning strategies may lead to increased control effort and higher
sampling frequency. Therefore, the proper selection of such pa-
rameters is desirable to trade off the control performance and
computation complexity in practical applications.

Appendix C. proof of Theorem 3

Step 1: Consider a Lyapunov function candidate as

1 -7 -
1 zZin+ — @ic] @iﬂ (49)

Ly =
Z’Im

2 l

where ni.; > 0 is a constant and Oi1 = Oi1 — (:)m.
Then, differentiating (49) along dynamics (8) and (35

lows
Z aijq; s a10p0>

JEN;

) as fol-

i‘il 225 <(d + aip)(q; + elq s
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M T (X Xin,
+ L 9 ( ; €ic1 + Z ;71681.6].2). (50)
i by bii e

Nic1
6), (17), (32

Substituting (1 ), and (33), one obtains

. 1 ~
T 1 T 1 T
Ly = — k2187 zin — 521151'1 0i(zi1, ;) Oici
+ (di + ap)zy(zi + 2ig) — Y ajz;}e;
i i0 )4 i1\4i2 iq y<i1%Jq.s
JEN;

_ 771‘1 . (Xl]xl]-l-ZXl][X']() “

Nic1 ,1 ¢

~T N =T
N1 @1 Xin o R O Xite o
—— 5 €1t — —5 €l (51)
Nic1 b“ Nic1 bil,l

=1

with &1 = —€| Aig((di + aio)(@; + elq -

aioPo)/(di + ). . 3
From Young’s inequality and @;.; = @;; — O, it has

Zje/\/’,- aU(q + ejq s) -

_ _ 1
,1c,1‘¢3 ier < & Mzl + E||C,»11|||| Oi1|I?
1, .
+ 5||§,-11|| | @ic1l? (52)
- T ~ T ~ .
Oic1Xi1 . O X X1 Oict &
€1 < 5 > (53)
b3 2bj;
~T T o 2
Oic1 Xie . O XineXir Oct | Il
> ine < > s (54)
b3 . 2bj; ,
Thus, synthesizing (51)-(54) yields
. Ki1 3
Ly < — (7 et — =di - ao) Iz |I?
l homax(§i1) 27 )
Ni1 -1 o 2
- (%% Hl= ||>|| Bul
1
+ =(d; + ap)(llz2 |1 + l1zigll®) + 0i1 (55)
2

with Ay = Amin(Xi X3 /b3 + 20, XineXih /b3 ), and o =
02118, 1/4 + 0g/2 + (Ne + 1)nu€?/2nic; under Assumptions
1-2, where 0;;, > 0 and €; > 0 present upper bound of
ZJGM aijllejqs||* and €| from Wu, Chen, Li, and Chadli (2024),
respectively.

Step 2: Construct a Lyapunov function candidate

~T ~ ~T ~
Ly — 20z ZyZip 0,0 O, 0 (56)
’ 2 2 21ica 203

where 9z > 0 is a constant, and (:),-Cz = By — @,—Cz and
@, = O, — O;, denote the estimation errors.

Based on (19), (37), (43) and (44), the time derivative of Lj; is
taken as

. z
Lp =z}, (%TT O + € + Ti +r s + @i + lq)

Kig

z; A ~ T A
- Zg (Kﬂ + ¢11> — 0, (9,2 — 13Oj5)

Ny
Ni2 =T [ Xi X
+ ' 9,‘52 7;261'52 - Z ;2 £ €ic2,¢ (57)
i b3 by

Nic2
Substituting (40)-(42) into (57), we have
. z
L =Z;£ (‘P,I; Oy + €5 + i)

(o3
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Air Air
+ z (
i y2 2

it iw

) ( KipZiz + L @i Oi

1 1 o
+ —8nzig + = 05(2i2, 4) Oic )
Kiy 2

Zj Ay ~ T A
z (Ki + qi) — 0, (9is2i2 — 13O5)
o

~ T Xi2e X
ﬂ@:cZ (XIZXI2 +Z 2t 12[) ic2

Nic2 12 ¢
n Ni2 ,clez &+ Z 1c2X12 te 2 (58)
Nic2 12 ¢
v AT A% A Ak
where &, = —€, Air(O,, 0;,(q;) + T/ + e;s + & + Zig/Kia ).

According to Young’s inequality and @j; = Oj; — @i, we
have

— 258505 Oic2 < 185 1z 1 + *IICEIIII Ol
+ Enc; 1l @ical® (59)
~ T ~ T ~ .
OicaXiz . O XX Oica €l
7 €2 = > (60)
bi2 2b12 14 2
~T T o 2
O Xine . @szzz (Xzz ¢ Oz ll€i2.ell
5 2.0 < 5 > (61)
b 4 2b, ,
Then, taking inequalities (59)-(61) into (58) yields
. Ki2
Lp <— (7 —lep' - >||22||
l max(clz) l
1 1 Ni3
- (* - *)IIZinIZ - *lll O |I?
Kio
Ni2 7 2
- (2)74 Ay — IICIZ ||)||9icz|| + 02 (62)
1C.

with A = Amin ZQ% X Xiv.o/bh o + XoXiy/bh) and 0 =
& /240im1/2+ s 12+ 02,185 1/4+ (Ne+ DE3 | Aic P82, 10/
2nic2, where 0;;1 > 0 is the upper bound of ||€1j‘||2, and 0;;, > 0
stands for the maximum value of 0;;, = @iogow(qi) +i+e,  +
@ + Zig/Kiq-

To elaborate the stability of the closed-loop system, consider a
total Lyapunov function L; = L;; + L. Based on the above results
(55) and (62), it has the time derivative of L; as follows

Li < —kRallzal® — Rolzoll® — Rillzig?

= 71l @ic1* = finll @ica|I* — 7iisll Oio I

+ oi (63)
where K1 = Ki1/Amax(&iy) — ||C,'711]||/2 — 3di/2 — ap, Kp =
Kiz/Amax(8i) — (di+aio +1)/2 = 1855 1 /2, Kio = 1/Kie — (di +aio +

1)/2, 511 = ﬂil&ix1/2ﬂic1—||iﬁl||/4, Nip = Uiziiz,x/zﬂicz—ﬂi,-;||/4,
i3 = 3ni3/2, and 0; = ¢i1 + Oi2-

Then, it yields from (63) that the total Lyapunov function L =
SN | L; satisfies

L< —pL+o (64)

where p = min;g p; and o = Zf’zl oi With p; = min{2ki1, 2&ip,
Kia» 20ic17i1, 2Mic2Miz, 21773}, It can see that L < 0 by selecting
suitable parameters such that k;; > 0, E,z > O Eu, > 0, Ni1 > 0,

X
fliz > 0,and 7ji; > 0,aswell asE; = [z]], z}}, lq, @,cl, O, 8,(,]
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locates outside the compact set given by

o
2 = {Ei | |Eill < ‘/}.
Pi

Therefore, the closed-loop system is guaranteed to be UUB using
the proposed optimal event-triggered formation control frame-
work.

In the subsequent part, let us prove that the Zeno behavior can
be excluded. For the coordination level, define e;;; = zj;s — zj
and take its time derivative with (8), (32), and (33) as follows

ei1 =k 'zin — (di + ap)(Zi + 2ig)

+ %C#‘P;(Zn,l’i)ém + Zatjejq,s~

jenNi
According to the above analysis, one knows that zj,, z;;, and
(:')m are subsequently bounded by Zj, Zj;, and é,ﬂ with z; > 0,
Zig > 0, and ém > 0. In addition, the term Zje ~; 9ii€jg.s is also

bounded by || ;.- aijejqsll < @ with @; > 0. Hence, for
t € [tins, tit,s+1), One has

(65)

(lle1ll + Nlzisl) + hl] (66)

legill < — o
= amin(Zin)

with fj; = éicl/kain(Cn) +
integrating (66) obtains

At hrmin (&5 Ki1(t—tig )
il mm(C,]) e mini) — 1
Ki1

In(¥; +1)> 0

(d,‘ + (1,‘0)(2,‘2 + 2,@)/2 + ZZ_)',] Then,

llez (0l < <||7-n,s|| +

which yields that
Amin(&i1)

Ki1
with W1 = killezi(tinse )l /(kitllzinsll + RitAmin(&;1)). 1t fur-
ther follows that the minimum sampling interval is Tijmin =
Amin(&i1) In(Wi1, min+1)/ki1 using the minimum value W min of ¥;.
It is obvious that Tj; min > 0, implying the Zeno-free behavior.
Repeating the above treatment, it gets that the sampling in-
terval T, s for the control level holds

Ki2
with ¥, = kpllepa(tiosi)ll/(killzios + Amin($i)hi2) and its
minimum value ¥ min = Minsey Yo, Where ei5(tizs11) = Zizs —
212(t12 s+1 0 hll = 910 + 91(‘2 + €is, and 9152 > 0 and 910’ > 0 denote
upper bounds of By and Oy, respectively. Hence, it ensures no
Zeno behavior in the control level.

Synthesizing the analysis for both coordination and control
levels, it is concluded that the closed-loop system can be guar-
anteed to exhibit Zeno-free behaviors. This completes the proof.

Til,s > (67)

Tps > In(¥ min +1) > 0
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