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Abstract— This paper is concerned with a performance-
prescribed coordinated control problem of multiple underac-
tuated marine surface vehicles (MSVs) subject to internal
uncertainties, external disturbances, and actuator faults. An echo
state network-based (ESN-based) transient-reinforced tunnel
coordinated control method is proposed for underactuated MSVs
with prescribed performance metrics. Specifically, a graph-
based trajectory generator is designed to generate reference
signals for various application scenarios. In the guidance
loop, a tunnel prescribed performance (TPP) is established
to characterize the position and heading coordination met-
rics of underactuated MSVs. With the TPP-based equivalent
transformation, the tunnel guidance laws are devised by an
underactuation guidance principle. In the control loop, an ESN-
based neural estimator is constructed to identify unknown
kinetics consisting of internal uncertainties, external distur-
bances, and actuator faults. Utilizing the estimated information,
the ESN-based surge and yaw control laws are presented. The
proposed closed-loop system is proven to be input-to-state stable
via the theoretical analysis, and position and heading tracking
errors can evolve within TPP constraints regardless of actua-
tor faults. Finally, comparison simulation results are employed
to verify the effectiveness and superiority of the proposed
method.

Index Terms— Underactuated marine surface vehicles, coordi-
nation control, tunnel prescribed performance, neural estimator,
actuator faults.
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I. INTRODUCTION

INSPIRED by biological behavior in nature, coordination
control of marine surface vehicles (MSVs) has attracted

increasing attention and interest from research institutes and
communities [1], [2], [3], [4], [5], [6], [7]. The coordination
control aims to achieve a desired collaborative behavior of
MSVs by interacting with neighbors, such as consensus [8],
[9], containment [10], [11], flocking [12], [13], formation [14],
[15], and so on. As marine missions have more diversity,
higher requirements are placed on transient and state-steady
metrics of coordination performance for the multi-vehicle
system [16], [17].

In recent years, several research results have presented the
prescribed performance control (PPC) methods to improve
the control performance of MSVs [18], [19], [20], [21], [22],
[23], [24], [25], [26]. Specifically, in [18], an adaptive output-
feedback performance-guaranteed trajectory tracking control
method is investigated, where a high gain observer is con-
structed to estimate unavailable velocities. In [19], full-state
and output feedback adaptive neural network (NN) controllers
are developed for one MSV to track a given trajectory with
predefined transient performance. In [20], an adaptive neural
learning control with predefined performance is proposed for
accurately unmodeled MSV using radial basis function NNs,
which are applied to identify unknown dynamics. In [21],
an error transformation function is incorporated in the guid-
ance part of the path following controller for an underactuated
MSV. To overcome the saturation of the vehicle actuator,
an auxiliary system is constructed by utilizing switching func-
tions. In [22], an appointed-time PPC function is incorporated
into trajectory tracking control of dynamic positioning vessels
based on dynamics event-triggered mechanism. In [23], a state-
feedback adjustable performance tracking control method
is designed with all quantized states and control inputs.
In [24], a dedicated robust adaptive NN predefined perfor-
mance dynamic positioning scheme is developed for marine
vehicles with model uncertainties, environmental disturbances,
and input saturation. In [25], a continuous adaptive trajectory
tracking control for uncertain MSV is investigated considering
the singularity of control laws. in [26], a data-driven PPC
scheme without prior model information is developed for
surface vehicles via the reinforcement learning technique.

Notice that the above works pay more attention to the
prescribed performance control of a single MSV. In contrast,
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the prescribed performance coordination control of multiple
MSVs is increasingly challenging due to limited communi-
cation ability and inter-individual connections [27]. Up to
now, literature [20], [28], [29], [30], [31], [32], [33], [34],
[35] report some prescribed performance formation control
schemes for a swarm of MSVs. Based on the leader-following
structure, [28] proposes a low-complexity PPC method with
relaxed initial conditions for multiple marine vessels. In [29],
a decentralized leader-following control strategy is proposed to
achieve a collision-free formation of multiple vessels. In [30],
a formation tracking algorithm based on the leader-following
method is devised, which is capable not only of guarantee-
ing the predefined transient properties but also of achieving
connectivity maintenance and collision avoidance. In [31],
using only relative state signals, a robust leader-follower
formation control scheme is derived for multiple MSVs
with connectivity-maintaining and collision-avoiding abilities.
In [33], a two-layer robust adaptive fault-tolerant formation
controller is presented for marine vehicles under guaranteed
performance. In [32], a prescribed performance containment
control method is studied for multiple surface vehicles using
a fuzzy-adaptive output-feedback scheme. In [20], a neural-
learning-based control method with guaranteed transient
performances is presented for marine vehicles without prior
model dynamics. Utilizing dynamic surface control techniques,
[34] develops a platoon formation PPC scheme for multiple
marine vessels, which is capable of achieving the platoon
proceeds along a given trajectory. In [35], a performance-
guaranteed formation controller is presented by using the
cooperative deterministic learning technique. It is seen that
prescribed performance coordination controllers in [20], [28],
[29], [33], [34], and [35] are designed for full-actuated MSVs.
Due to no independent sway actuator, it is increasingly chal-
lenging to achieve the performance-prescribed coordination for
underactuated MSVs.

From the above observations, the existing PPC methods
are developed for a single MSV or a specific collective
scenario, thus lacking application flexibility. Although these
PPC methods can characterize the transient and state-steady
performance of tracking error, there still exists an obvious tran-
sient overshoot to be addressed via a tedious tuning procedure.
For marine vehicles, the thruster fault is usually unavoidable
due to device aging and environmental factors [36], [37].
Owing to the inflexibility of PPC boundaries, the fault-affected
tracking error may breach user-specified bounds. Besides, it is
even more challenging for underactuated MSVs due to no
sway actuator [30], [31], [32].

Motivated by above discussions, we aim to develop an echo
state network-based (ESN-based) transient-reinforced tunnel
coordinated control method of multiple underactuated MSVs.
The main highlights are summarized below.

• In contrast to the existing PPC coordination methods
designed for a specific collective scenario in [28], [29],
[30], [31], [32], [33], [20], [34], and [35], the proposed
transient-reinforced tunnel coordinated method is a gen-
eral case of previous results and more suitable for practi-
cal applications, where a graph-based trajectory generator
is designed to achieve various collaborative behaviors.

• In contrast to the PPC methods proposed in [18], [19],
[20], [21], [22], [23], [24], [25], [26], [28], [29], [30],
[31], [32], [33], [34], [35], and [38], the tunnel prescribed
performance (TPP) functions for position and heading
constraints of underactuated MSVs are developed to
reinforce the overshoot and accuracy of coordination.
Based on the TPP transformation, the tunnel guidance
laws can overcome the obvious overshoot without
tedious tuning procedures.

• In contrast to the NN, fuzzy approximation and observer
techniques proposed in [20], [28], [29], [30], [31],
[32], [33], [34], [35], and [39], the ESN-based neural
estimators are derived to recover the total disturbance
of the vehicle’s kinetics under fully unknown actuator
faults. Then, the tunnel performance of multi-MSV
coordination can be guaranteed regardless of actuator
faults using the ESN-based control method.

This paper is organized as below. Section II introduces
preliminaries and problem formulation. Section III provides
the controller design. Section IV proves the stability. Section V
gives simulation results. Section VI concludes this paper.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries

1) Notations: Throughout this paper, ℜ
m×n represents an

m × n-dimensional Euclidean space. diag{· · · } is a block-
diagonal matrix. ∥·∥ denotes the Euclidean norm of a vector or
matrix. sgn(x) represents a sign function with sgn(x) = 1 for
x > 0, sgn(x) = −1 for x < 0, and sgn(x) = 0 for x = 0.

2) Graph theory: Consider a networked system with N
follower MSVs and M virtual leaders. A graph G is defined
as G = {V, E}, where V is a node set with V =

{
VF ,VL}

being the sets of MSVs and the virtual leader, and E is an
edge set with E = {(i, j) ∈ V × V}. Define the neighborhood
set Ni of the i-th MSV as Ni =

{
N F

i ,N
L

i
}
, where N F

i ={
j ∈ VF

i |(i, j) ∈ E
}

and N L
i =

{
j ∈ VL

i |(i, j) ∈ E
}
.

B. Problem Formulation

Consider a networked multi-MSV system in Fig. 1. Two
reference frames, a body reference frame {B} and an NED
reference frame {E}, are usually used to describe the vehicle
motion. According to [40], the motion dynamics of the i the
MSV is described as{

η̇i = R(ψi )νi

M i ν̇i + C iνi + Diνi + gi = τ i + τ id
(1)

where i = 1, · · · , N ; ηi = [ pT
i , ψi ]

T
∈ ℜ

3 with pT
i =

[xi , yi ]
T

∈ ℜ
2 being a position vector and ψi being a heading

angle in {E}; νi = [ui , vi , wi ]
T

∈ ℜ
3 denotes the surge, sway,

and yaw velocity vector in {B}; R(ψi ) is a rotation matrix
satisfying R−1(ψi ) = RT (ψi ) and Ṙ(ψi ) = wi J R(ψi ) with

Ri =

cosψi − sinψi 0
sinψi cosψi 0

0 0 1

 , J =

0 −1 0
1 0 0
0 0 0

 ;

M i = diag{miu,miv,miw} ∈ ℜ
3×3 is an inertial matrix;

C i = −CT
i ∈ ℜ

3×3 is a Coriolis and centripetal matrix;
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Fig. 1. The networked structure of underactuated MSVs.

Di ∈ ℜ
3×3 is a hydrodynamic damping matrix; gi ∈ ℜ

3

represents unmodelled hydrodynamics and modelling error;
τ id ∈ ℜ

3 stands for bounded environmental disturbances
caused by wind, wave, and current; τ i = [τiu, 0, τiw] ∈ ℜ

3 is
the actual control vector with τiu being the surge force and
τiw being the yaw moment. In a practical application, the
thrusters of MSVs may suffer from faults expressed as

τi j = γi j (t)hi j + τi j, f (t, t1), j = u, w (2)

where γi j (t) ∈ ℜ is an actuator effectiveness; τik, f (t) ∈ ℜ

denotes an additive fault segment; hi j ∈ ℜ is the desired
control input.

Assumption 1 ( [41]): For MSVs, there exist positive con-

stants γ
i j

∈ ℜ and τ̄ f
i j ∈ ℜ such that γ

i j
≤ γi j (t) ≤ 1 and

|τi j, f (t)| ≤ τ̄i j, f for j = u, w.
1) Control objective: This paper aims to develop an ESN-

based transient-reinforced tunnel coordinated control method
for a group of underactuated MSVs subject to actuator faults
such that: 1) each MSV can follow the reference trajectory
satisfying ∥ pi − pic∥ < ϵi p ∈ ℜ

+ and |ψi −ψid | < ϵiψ ∈ ℜ
+,

where pic and ψid will be defined in the forthcoming section;
2) the position and heading tracking errors evolve within TPP
constraint spaces regardless of actuator faults; 3) all errors of
closed-loop system are ultimately bounded.

III. CONTROLLER DESIGN

In this section, an ESN-based transient-reinforced tunnel
coordinated control method is developed for a group of
underactuated MSVs in the presence of internal uncertainties,
external disturbances, and actuator faults. The diagram block
of proposed method is shown in Fig. 2.

A. Trajectory Generator Design

Looking back at the existing performance-prescribed control
schemes proposed in [8], [28], [29], [31], and [35], these
coordinated controllers are designed for a specific mission
scenario. Once the coordination scenario changes, experts or

Fig. 2. The diagram of proposed ESN-based transient-reinforced tunnel
coordinated control method.

engineers have to redevelop new control laws for accomplish-
ing the control objective. Thus, it is necessary to develop a
coordinated method capable of implementing various mission
patterns. Inspired by this limitation, we design a graph-based
trajectory generator for a specific coordination scenario as
follows {

ṗic = qic

˙qic = h̄i
(
t, pic, qic, p−i,c, q−i,c

) (3)

where pic = [xic, yic]
T

∈ ℜ
2 and qic = [qi xc, qiyc]

T
∈

ℜ
2 are the desired reference signals; The coordination function

h̄i (·) ∈ ℜ
2 is known, bounded, and continuously differential;

p−i,c ∈ ℜ
2 and q−i,c ∈ ℜ

2 denote state sets of neighboring
nodes defined as p−i,c = { p jc} j∈N F

i
⋃
N L

i
and q−i,c =

{q jc} j∈N F
i

⋃
N L

i
.

Remark 1: Herein, the proposed coordinated control
method with the trajectory generator (3) belongs to the decen-
tralized architecture. Compared with the distributed control,
decentralized control has a simpler architecture and lower
calculation cost [27]. Moreover, the decentralized control
architecture takes the advantage of failure tolerance, mod-
ularity, and scalability. Because of these advantages, the
decentralized control architecture has been widely applied in
the formation control, target tracking, and platoon control of
marine vehicles, see references [34], [42], [43], [44], and [45].

B. Guidance Law Design for Kinematics

To track the reference information pic broadcasted from (3),
a tracking error is defined as pie = [xie, yie] = pic − pi .
Then, the relative distance Ei and the relative heading ψie are
derived as follows

Ei =

√
x2

ie + y2
ie, ψie = ψid − ψi (4)

with ψid ∈ (−π, π] being a desired heading angle with respect
to pic defined below [46]

ψid = atan2(yie, xie) (5)

where atan2(·, ·) is an inverse tangent function. Notice that ψid
is not well defined due to no definition of atan2(·, ·) at (0, 0),
i.e. ψid is not defined when Ei = 0. In the subsequent design,
we will design the guidance law to force the relative distance
within the performance constraints. Thus, the no definition of
ψid |(0,0) can be avoided for Ei > 0,∀t ≥ 0.
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In a practical application, most of marine vehicles are
typically underactuated systems, i.e. there are only thrusters
in the surge and yaw directions. The underactuation property
makes it more challenging to derive the guidance laws for
errors Ei and ψie [47], [48]. In addition, the standard PPC
proposed in [23], [34], and [49] have exponential-type perfor-
mance bounds distributed on both sides of the origin, which
still lead to the obvious overshoots without tedious tuning
procedures.

To reinforce the position and heading coordinated per-
formance, the TPP constraints are established to limit
errors

0 < zi E < zr
i E (6)

− zl
iψ < ziψ < zr

iψ (7)

where zi E = Ei and ziψ = ψie
zr

i E = [δr
i E + sgn(zi E,0)]ρi E (t)− ρi E,∞ sgn(zi E,0)

zr
iψ = [δr

iψ + sgn(ziψ,0)]ρiψ (t)− ρiψ,∞ sgn(ziψ,0)

zl
iψ = [δl

iψ − sgn(ziψ,0)]ρiψ (t)+ ρiψ,∞ sgn(ziψ,0)

(8)

where 0 ≤ δr
ik, δ

l
ik ≤ 1; ρik(t) is a prescribed potential

function defined as ρik(t) = (ρik,0−ρik,∞)e−µik t
+ρik,∞ with

ρik,0 = zik(0), ρik,∞ = limt→∞ ρik(t), ρik,0 > ρik,∞ > 0,
and µik ∈ ℜ

+ for k = E, ψ .
Based on the PPC methodology, zik need to be equivalently

transformed as an unconstrained variable ξik by an error
transformation function (ETF) formulated as [50]

zik =
zr

ik + zl
ik

2
ϒ(ξik)+

zr
ik − zl

ik
2

, k = E, ψ (9)

where ϒ(ξik) is a smooth and strictly increasing function
satisfying the following properties

lim
ξik→∞

ϒ(ξik) = 1

lim
ξik→−∞

ϒ(ξik) = −1

ϒ(0) = 0.

(10)

Considering the properties (10), ϒ(ξik) can be selected
as

ϒ(ξik) =
2
π

arctan(ξik). (11)

and the corresponding inverse function is deduced as

ξik = ϒ−inv(zik, zr
ik, zl

ik) = tan
[π

2
ϒ(ξik)

]
. (12)

Along (11) and (12), it takes the derivative of ξik that

ξ̇ik =
∂ξik

∂ϒ(ξik)

[
∂ϒ(ξik)

∂zik
żik

+
∂ϒ(ξik)

∂zr
ik

żr
ik +

∂ϒ(ξik)

∂zl
ik

żl
ik

]
(13)

where ∂ξik/∂ϒ(ξik) = π sec2
[πϒ(ξik)/2]/2, ∂ϒ(ξik)/∂zik =

2/(zr
ik + zl

ik), ∂ϒ(ξik)/∂zr
ik = −2(zik + zl

ik)/(z
r
ik + zl

ik)
2, and

∂ϒ(ξik)/∂zl
ik = −2(zik − zr

ik)/(z
r
ik + zl

ik)
2.

For brevity of presentation, we rewrite Fzik=[∂ξik/∂ϒ(ξik)]

[∂ϒ(ξik)/∂zik], Fzr
ik

= [∂ξik/∂ϒ(ξik)][∂ϒ(ξik)/∂zr
ik], and

Fzl
ik

= [∂ξik/∂ϒ(ξik)][∂ϒ(ξik)/∂zl
ik]. Then, the dynamics of

ξik , k = E, ψ are further presented by{
ξ̇i E = Fzi E żi E + Fzr

i E
żr

i E

ξ̇iψ = Fziψ żiψ + Fzr
iψ

żr
iψ + Fzl

iψ
żl

iψ .
(14)

Let uie = ui − αiu and wie = wi − αiw with αiu
and αiw being the desired surge and yaw guidance laws,
respectively. Thus, it substitutes uie and wie into (14) using
xie = Ei cosψid and yie = Ei sinψid as below

ξ̇i E = Fzi E

[
2ui sin2(

ψie

2
)− vi sinψie − αiu

− uie + ẋid cos(ψid)+ ẏid sin(ψid)
]

+Fzr
i E

żr
i E

ξ̇iψ = Fziψ (−αiw − wie + ψ̇id)+ Fzr
iψ

żr
iψ

+Fzl
iψ

żl
iψ .

(15)

In the guidance loop, the desired tunnel guidance laws are
developed to satisfy the TPP constraints (6)-(8) as follows

αiu = ẋid cosψid + ẏid sinψid−vi sinψie

+ 2ui sin2(
ψie

2
)+

1
Fzi E

ki Eξi E

+
1
Fzi E

Fzr
i E

żr
i E

αiw = ψ̇id +
1
Fziψ

kψξiψ +
1
Fziψ

Fz̄r
iψ

żr
iψ

+
1
Fziψ

Fzl
iψ

żl
iψ

(16)

where ki E and kiψ are positive constants.
Substituting (16) into (15), the dynamics of the kinematic

subsystem are yielded as{
ξ̇i E = −ki Eξi E − Fzi E uie

ξ̇iψ = −kiψξiψ − Fziψwie.
(17)

C. Control Law Design for Kinetics

Next, rewrite the kinetic model of MSVs as below

ν̇i = f i (νi , t)+ M−1
i τ i (18)

where f i (νi , t) = [ fiu(·), fiv(·), fiw(·)]
T

= M−1
i (−C iνi −

Diνi − gi + τ id) denotes the unknown kinetic function
consisting of internal uncertainties and external disturbances.

For underactuated MSVs without the sway actuator, the
surge and yaw dynamics are only considered herein

u̇i = Fiu(·)+
1

miu
hiu

ẇi = Fiw(·)+
1

miw
hiw

(19)

where Fiu(·) = fiu(·) + (γiu − 1)hiu + τiu, f and Fiw(·) =

fiw(·)+ (γiw − 1)hiw + τiw, f .
The NN approximation is an effective tool to identify the

unknown time-invariant functions [51], [52], [53]. Herein,
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ESNs are employed to recover the unknown terms Fiu(·)

and Fiw(·) {
Fiu(·) = 2T

iuϕiu + ϵiu

Fiw(·) = 2T
iwϕiw + ϵiw

(20)

where 2iu ∈ ℜ
m and 2iw ∈ ℜ

m are the output weight vectors
of ESNs with ∥2iu∥ ≤ 2̄iu ∈ ℜ

+ and ∥2iw∥ ≤ 2̄iw ∈ ℜ
+;

ϕiu ∈ ℜ
m and ϕiw ∈ ℜ

m are m-dimensional reservoir state
vectors; ϵiu and ϵiw stand for approximation errors satisfying
|ϵiu | ≤ ϵ̄iu ∈ ℜ

+ and |ϵiw| ≤ ϵ̄iw ∈ ℜ
+, respectively.

Utilizing the exponential smoothing property of recurrent NN,
the dynamics of ϕiu and ϕiw are updated by

ϕ̇iu =
1

Tiu
[−biuϕiu + σ iu(2

χ
iuχ iu + 2

ϕ
iuϕiu)]

ϕ̇iw =
1

Tiw
[−biwϕiw + σ iw(2

χ
iwχ iw + 2

ϕ
iwϕiw)]

(21)

where Tiu ∈ ℜ
+ and Tiw ∈ ℜ

+ are time constants; biu ∈

ℜ
+ and biw ∈ ℜ

+ represent leaking rates; σ iu(·) ∈ ℜ
m and

σ iw(·) ∈ ℜ
m are activation functions; χ iu = [ui (t), ui (t −

td), hiu(t)]T and χ iw = [wi (t), wi (t − td), hiw(t)]T are the
input vectors of ESNs with the sampling interval td ∈ ℜ

+;
2

χ
iu ∈ ℜ

m×3 and 2
χ
iw ∈ ℜ

m×3, 2
ϕ
iu ∈ ℜ

m×m , and 2
ϕ
iw ∈

ℜ
m×m denote the input and reservoir weights.
To identify the unknown components of dynamics (19), the

ESN-based neural estimators are constructed as follows
˙̂ui = −(ςiu + ko

iu)ũi + 2̂
T
iuϕiu +

1
miu

hiu

˙̂wi = −(ςiw + ko
iw)w̃i + 2̂

T
iwϕiw +

1
miw

hiw

(22)

where ũi = ûi −ui and w̃i = ŵi −wi ; ûi , ŵi , 2̂iu , and 2̂iw are
the estimation values of ui , wi , 2iu , and 2iw, respectively;
ςiu ∈ ℜ

+, ςiw ∈ ℜ
+, ko

iu ∈ ℜ
+, and ko

iw ∈ ℜ
+ denote the

estimator gains. 2̂iu , and 2̂iw are updated by the adaptive
law {

˙̂
2iu = −0iu(ϕiu ũi + k2

iu2̂iu)
˙̂
2iw = −0iw(ϕiww̃i + k2

iw2̂iw)
(23)

where k2
iu ∈ ℜ, k2

iw ∈ ℜ, 0iu ∈ ℜ, and 0iw ∈ ℜ are positive
tuning coefficients.

Define 2̃iu = 2̂iu −2iu and 2̃iw = 2̂iw −2iw, and take
their derivatives together with ũi and w̃i as

˙̃ui = −(ςiu + ko
iu)ũi + 2̃

T
iuϕiu − ϵiu

˙̃
2iu = −0iu(ϕiu ũi + k2

iu2̂iu)

˙̃wi = −(ςiw + ko
iw)w̃i + 2̃

T
iwϕiw − ϵiw

˙̃
2iw = −0iw(ϕiww̃i + k2

iw2̂iw).

(24)

Let qiu = ûi −αiu and qiw = ŵi −αiw. Then, the derivatives
of qiu and qiw using (22) are presented as

q̇iu = −(ςiu + ko
iu)ũi + 2̂

T
iuϕiu +

hiu

miu
− α̇iu

q̇iw = −(ςiw + ko
iw)w̃i + 2̂

T
iwϕiw +

hiw

miw
− α̇iw.

(25)

To stabilize the dynamics in (25), the ESN-based surge and
yaw control laws are designed as below{

hiu = miu(−kiuqiu − 2̂
T
iuϕiu + α̇iu)

hiw = miw(−kiwqiw − 2̂
T
iwϕiw + α̇iw)

(26)

where kiu and kiw are positive constants.
Combining (25) and (26), the control subsystem follows that{

q̇iu = −kiuqiu − (ςiu + ko
iu)ũi

q̇iw = −kiwqiw − (ςiw + ko
iw)w̃i .

(27)

IV. MAIN RESULTS

The section analyzes the stability of the closed-loop
transient-reinforced tunnel coordinated control system cas-
caded by the subsystems (17), (24), and (27). In the upcoming,
the stability of subsystem (24) is shown by Lemme 1.

Lemma 1: The subsystem (24) regarded as a system with
the states ũi , ũi , 2̃iu , and 2̃iw and the inputs ϵiu , ϵiw, 2iu ,
and 2iw is ISS.

Proof: Construct a Lyapunov function candidate Vio
for (24) as follows

Vio =
1
2

N∑
i=1

(
ũ2

i + w̃2
i +

1
0iu

2̃
T
iu2̃iu +

1
0iw

2̃
T
iw2̃iw

)
(28)

and take its derivative as

V̇io =

N∑
i=1

[
− ũi [(ςiu + ko

iu)ũi − 2̃
T
iuϕiu + ϵiu]

− w̃i [(ςiw + ko
iw)w̃i − 2̃

T
iwϕiw + ϵiw]

− 2̃
T
iu(ϕiu ũi + k2

iu2̂iu)

− 2̃
T
iu(ϕiu ũi + k2

iu2̂iu)
]

=

N∑
i=1

[
− (ςiu + ko

iu)ũ
2
i − (ςiw + ko

iw)w̃
2
i − ũiϵiu

− w̃iϵiw − k2
iu2̃

T
iu2̂iu − k2

iw2̃
T
iw2̂iw

]
. (29)

Since −k2
iu2̃

T
iu2̂iu = −k2

iu2̃
T
iu(2̃iu + 2iu ≤ −k2

iu

∥2̃iu∥
2
+k2

iu∥2̃iu∥∥2iu∥, −k2
iw2̃

T
iw2̂iw = −k2

iw2̃
T
iw(2̃iw+

2iw) ≤ −k2
iw∥2̃iw∥

2
+ k2

iw∥∥2̃iw∥∥2iw∥, V̇io is yielded as

V̇io ≤

N∑
i=1

[
− (ςiu + ko

iu)ũ
2
i − (ςiw + ko

iw)w̃
2
i + |ũi ||ϵiu |

+ |w̃i ||ϵiw| − k2
iu∥2̃iu∥

2
− k2

iw∥2̃iw∥
2

+ k2
iu∥2̃iu∥∥2iu∥ + k2

iw∥∥2̃iw∥∥2iw∥

]
=

N∑
i=1

[
− 4T

io Aio4io + 4T
io Bio

]
(30)

where 4io = [|ũi |, |w̃i |, ∥2̃iu∥, ∥2̃iw∥]
T , Bio =

[|ϵiu |, |ϵiw|, ∥2iu∥, ∥2iw∥]
T , and

Aio =


ςiu + ko

iu 0 0 0
0 ςiw + ko

iw 0 0
0 0 k2

iu 0
0 0 0 k2

iw

 .
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Furthermore, (30) is put into

V̇io ≤

N∑
i=1

[
− λmin(Aio)∥4io∥

2
+ ∥Bio∥∥4io∥

]
(31)

where λmin(·) is the minimum eigenvalue of a matrix.
When ∥4io∥ ≥ ∥Bio∥/ϱioλmin(Aio) with 0 < ϱio < 1, one

has

V̇io ≤

N∑
i=1

[
− λmin(Aio)(1 − ϱio)∥4io∥

2
]
. (32)

Due to the boundedness of ϵiu , ϵiw, 2iu , and 2iw, the
vector Bio is bounded. Consequently, it is concluded that
estimator subsystem (24) is ISS, and

∥4io(t)∥ ≤ max
{

e−λmin(Aio)(1−ϱio)(t−t0),

∥Bio∥

ϱioλmin(Aio)

}
(33)

for t ≥ t0.
Next, the stability of the control subsystem (27) is stated

via the following lemma.
Lemma 2: The subsystem (27) regarded as a system with

the states qiu and qiw and the inputs ũi and w̃i is ISS.
Proof: Consider a Lyapunov function candidate as

Viq =
1
2

N∑
i=1

(
q2

iu + q2
iw

)
. (34)

Along (27), it differentiates Viq as

V̇iq =

N∑
i=1

[
− kiuq2

iu − (ςiu + ko
iu)qiu ũi

− kiwq2
iw − (ςiw + ko

iw)qiww̃i

]
≤

N∑
i=1

[
− kiuq2

iu + (ςiu + ko
iu)|qiu ||ũi |

− kiwq2
iw + (ςiw + ko

iw)|qiw||w̃i |
]

(35)

Let 4iq = [|qiu |, |qiw|]
T and ϑ̃ i = [|ũi |, |w̃i |]

T and rewrite
the derivative of Viq as follows

V̇iq =

N∑
i=1

[
− 4T

iq Aiq4iq + 4iq Biq ϑ̃ i

]
Aiq =

[
kiu 0
0 kiw

]
, Biq =

[
ςiu + ko

iu 0
0 ςiw + ko

iw

]
. (36)

Then, we have

V̇iq ≤

N∑
i=1

[
− λmin(Aiq)∥4iq∥

2
+ ∥4iq∥∥Biq∥∥ϑ̃ i∥

]
. (37)

When ∥4iq∥ ≥ ∥Biq∥∥ϑ̃ i∥/ϱiqλmin(Aiq) deduces

V̇iq ≤

N∑
i=1

[
− λmin(Aiq)(1 − ϱiq)∥4iq∥

2
]
. (38)

with 0 < ϱio < 1.

According to Lemma 1, it shows that the control subsys-
tem (27) is ISS, and the ultimate bound is

∥4iq(t)∥ ≤ max
{

e−λmin(Aiq )(1−ϱiq )(t−t0),

∥Biq∥∥ϑ̃ i∥

ϱiqλmin(Aiq)

}
(39)

for t ≥ t0. Moreover, uie = qiu − ũi and wie = qiw − w̃i can
renders that errors uie and wie are bounded from Lemmas 1-2.

Then, the following lemma shows the stability of the
guidance subsystem (17).

Lemma 3: The subsystem (17) regarded as a system with
the states ξi E and ξiψ and the inputs uie and wie is ISS.

Proof: Consider a Lyapunov function candidate as

Viξ =
1
2

N∑
i=1

(
ξ2

i E + ξ2
iψ

)
(40)

and differentiate Vi1 along the dynamics (17) as

V̇iξ =

N∑
i=1

(
− ki Eξ

2
i E − kiψξ

2
iψ

− ξi EFzi E uie − ξiψFziψwie

)
≤

N∑
i=1

(
− ki Eξ

2
i E − kiψξ

2
iψ

+ |ξi E ||Fzi E uie| + |ξiψ |Fziψwie|
)

(41)

Denote 4iξ = [|ξi E |, |ξiψ |]
T and ϑ ie = [|uie|, |wie|]

T .
Then, it results to

V̇iξ ≤

N∑
i=1

(
− 4T

iξ Aiξ4iξ + 4T
iξ Biξϑ ie

)

≤

N∑
i=1

[
− λmin(Aiξ )∥4iξ∥

2
+ ∥4iξ∥∥Biξ∥∥ϑ ie∥

]
. (42)

where

Aiξ =

[
ki E 0
0 ki E

]
, Biξ =

[
Fzi E 0

0 Fziψ

]
.

For ∥4iξ∥ ≥ ∥Biξ∥∥ϑ ie∥/ϱiξλmin(Aiξ ), one obtains

V̇iξ ≤

N∑
i=1

[
− λmin(Aiξ )(1 − ϱiξ )∥4iξ∥

2
]

(43)

with 0 < ϱiξ < 1. Therefore, the guidance subsystem (17) is
ISS, and the ultimate bound for t ≥ t0 is expressed as

∥4iξ (t)∥ ≤ max
{

e−λmin(Aiξ )(1−ϱiξ )(t−t0),

∥Biξ∥∥ϑ ie∥

ϱiξλmin(Aiξ )

}
. (44)

Throughout the above analysis, the stabilities of all sub-
systems have been given by Lemmas 1-3. Subsequently, the
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Fig. 3. The communication topology with one virtual leader.

stability of the presented closed-loop system is described by
Theorem 1.

Theorem 1: For a fleet of underactuated MSVs (1) subject
to actuator faults, the closed-loop ESN-based transient-
reinforced tunnel coordinated system is ISS with the
graph-based trajectory generator (3), the tunnel guidance
law (16), the ESN-based neural estimator (22), the adaptive
law (23), and the ESN-based control law (26). Besides, TPP
constraints of position and heading errors do not be violated
under actuator faults.

Proof: From Lemmas 1-3, the subsystems (24), (27),
(17) are ISS. According to [54, Lemma 4.6], the system
cascaded by the subsystems (24), (27), (17) is also ISS.
By (33), it yields that the ultimate boundedness of ∥4io(t)∥ as
t → ∞

∥4io(t)∥t→∞ ≤

√
ϵ̄2

iu + ϵ̄2
iw + 2̄2

iu + 2̄2
iw

ϱioλmin(Aio)
. (45)

By the fact that ∥ϑ̃ i∥ ≤ ∥Eio∥, one gets from (39) that

∥4iq(t)∥ ≤

∥Biq∥

√
ϵ̄2

iu + ϵ̄2
iw + 2̄2

iu + 2̄2
iw

ϱioϱiqλmin(Aiq)λmin(Aio)
. (46)

From Lemmas 1-2, ϑ ie is bounded by ϑ̄i . It follows
from (44) that

∥4iξ (t)∥t→∞ ≤
∥Biξ∥

ϱiξλmin(Aiξ )
ϑ̄i . (47)

As a result, all error signals of the closed-loop system are
uniformly ultimately bounded. The proof of Theorem 1 is
completed.

V. SIMULATION RESULTS

In this section, comparative simulation results are presented
to validate the proposed ESN-based transient-reinforced tunnel
coordinated control method. In this simulation, we consider
a consensus-based coordination of five MSVs, labeled as
MSV1, . . . , MSV5. Fig. 3 gives a communication topology
to describe the information exchanges.

To generate the consensus trajectories, the generator func-
tion h̄i by Fig. 3 is designed as

h̄i = −l2
i

[ ∑
j∈N F

i

ai j ( pid − p jd − P i jd)

− ai0( pid − p0d − P i0d)

]
− 2li qid , i = 1, . . . , 5,

(48)

TABLE I
PARAMETERS IN THE SIMULATION

Fig. 4. The tracking trajectories of MSV1-MSV5 with the proposed method.

Fig. 5. The distance errors under proposed TPP constraint and standard PPC
constraint proposed in [18].

where p1d(0) = [0, 0]
T , p2d(0) = [4.5, 8.5]

T , p3d(0) =

[9,−4.5]
T , p4d(0) = [−9, 4.5]

T , p5d(0) = [−4.5,−9]
T ,

and qid(0) = [0, 0]
T ; P10d = [0, 0, 0]

T , P20d =

Rd [7, 7, 0]
T , P30d = Rd [7,−7, 0]

T , P40d = Rd [−7, 7, 0]
T ,

and P50d = Rd [−7,−7, 0]
T with Rd = R(ψ0d) and ψ0d =

atan2(ẏ0d , ẋ0d). Initial status of five MSVs are set as η1(0) =

[−15,−5, 0]
T , η2(0) = [−15,−2, 0]

T , η3(0) = [0,−15, 0]
T ,
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Fig. 6. The heading errors under proposed TPP constraint and standard PPC
constraint proposed in [18].

Fig. 7. The estimation property for the total surge disturbances with
ESN-based estimators and ESO proposed in [55].

η4(0) = [−15, 20, 0]
T , and η5(0) = [−15,−15, 0]

T . The
model parameters of MSVs can be found in literature [40]
for further details. For brevity and convenience, TABLE I
lists the parameters for TPP constraints (6)-(8), the tunnel
guidance law (16), the reservoir (21), the ESN-based neural
estimator (22), the adaptive law (23), and the control law (26).
Herein, nine neurons for ESNs (21) are used in the hidden
layer, and activation function is set as 1/(1 + e−x ). Consider
the fault parameters γiu = 1 − 0.6| sin(0.02 t)|, γiw =

1 − 0.2| sin(0.02 t)|, and

τ
f

iu =

{
1.6| sin(0.02(t − 200))|, t ≥ 150
0, others,

τ
f

iw =

{
2.2| sin(0.02(t − 200))|, t ≥ 150
0, others.

(49)

In this simulation, the PPC method proposed in [18] is
used to demonstrate the superiority of our proposed method.

Fig. 8. The estimation property for the total surge disturbances with
ESN-based estimators and ESO proposed in [55].

Fig. 9. The desired surge forces and yaw moments of five MSVs.

Simulation results are plotted in Figs. 4-9, where the grey
background area indicates the fault period of actuator. Fig. 4
draws the actual trajectories of five underactuated MSVs using
proposed ESN-based transient-reinforced tunnel coordinated
control method. Fig. 4 also displays the formation snapshots at
0s, 100s, 200s, 300s. According to snapshots, the coordinated
formation can follow the reference trajectories from (48)
guided by one virtual leader. Figs. 5-6 show the relative
distance and heading errors under proposed TPP and standard
PPC constraints. It is seen from Fig. 5 that errors E1,. . . ,
E5 evolve within the TPP and PPC bounds with the similar
shapes due to non-negative definition of Ei . As shown in
Fig. 6, the overshoot of heading tracking errors with the TPP
constraints can be reduced comparing to the PPC method
in [18]. Besides, the tracking errors still evolve within the
TPP constraints regardless of actuator faults defined by (49).
Figs. 7-8 show the estimation performance of neural esti-
mators (22) for unknown functions with comparison from
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extended state observer (ESO) proposed in [55]. From the
enlarged curves of Figs. 7-8, the presented ESN-based estima-
tors (22) can more precisely recover the unknown functions
Fiu(·) and Fiw(·) including actuator faults under unknown
variables γiu and γiw. Fig. 8 depicts the desired control signals
of five MSVs in the presence of unknown actuator faults.
At 150s, the desired surge forces τ s

iu and yaw moments τ s
iw

adjust rapidly due to additive faults in execution.

VI. CONCLUSION

In this paper, an ESN-based transient-reinforced tunnel
coordination control method has been proposed for multiple
underactuated MSVs subject to internal uncertainties, external
disturbances, and actuator faults. Various coordination patterns
of MSVs can be achieved by only redesigning the graph-based
trajectory generator. The TPP-constrained coordination of
underactuated MSVs has a smaller transient overshoot and
higher state-steady accuracy. Then, the presented ESN-based
surge and yaw control laws can force the tracking errors to
evolve within the TPP regions even in the presence of actuator
faults. The boundedness of all error signals are ensured via the
input-to-state stability and cascade stability theory. Compari-
son simulation results verified the effectiveness and superiority
of the proposed method. In the future, it is desirable to
perform the prescribed performance coordination of under-
actuated MSVs subject to actuator faults and environmental
obstacles.
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