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Abstract—In the presence of static and moving obstacles,
this article investigates an output-feedback finite-time safety-
critical coordinated control method of multiple under-actuated
marine surface vehicles (MSVs) subject to velocity and input
constraints. Specifically, based on robust exact differentiators, a
finite-time state observer (FTSO) is first developed to recover
the unavailable velocities while estimating the total disturbances
containing model uncertainties and environmental disturbances.
Next, with the aid of estimated velocities from FTSO, a nom-
inal finite-time guidance law is designed for achieving the
distributed formation of MSVs at the kinematic level. By the for-
ward invariance principle, finite-time control barrier functions
(FTCBFs) are used to construct the collision-free velocity sets
for the multi-MSV system. To unify the control and safety objec-
tives, quadratic optimization problems are formulated under
collision-free velocity sets and velocity constraints. To facilitate
real-time implementations, one-layer recurrent neural networks
are employed to solve the quadratic optimization problem. Then,
a nominal finite-time control law based on FTSO is presented
at the kinetic level. The optimal control laws are solved within
the input constraints. All error signals of the closed-loop system
are proved to be uniformly ultimately bounded, and the dis-
tributed formation of multiple MSVs is ensured to be safe.
Simulation results are provided to demonstrate the effectiveness
and superiority of the proposed FTCBF-based method.
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I. INTRODUCTION

VER the past few decades, formation control of marine
Osurface vehicles (MSVs) has attracted ever-increasing
attention from both research and industrial communities due to
its widespread promising application, such as marine geodesy
and cartography, marine search and rescue, and offshore
installation protection, to name a few [1], [2], [3], [4]. The
multi-MSV formation is more efficient and reliable to than a
single vehicle for missions. However, in addition to static and
dynamic obstacles, a large group of MSVs also poses a huge
challenge to formation safety [5], [6], [7].

In the complex and dynamic marine environment, the
safe operation of marine vehicles is of great importance to
mission execution owing to no helmsman supervision. In
order to guarantee the formation safety of multiple MSVs,
there have existed some relative works based on predefined
performance techniques [8], [9], [10], [11], artificial potential
functions [12], [13], [14], [15], model predictive control [16].
Specifically, in [8], a transformed error surface is devised
to achieve the predefined formation, connectivity preserva-
tion, and collision avoidance without switching the pattern.
In [9], a robust leader-follower formation controller is designed
for under-actuated MSVs while guaranteeing the connectivity
and collision avoidance. In [10], a decentralized performance-
guaranteed leader—follower formation controller is designed
for full-actuated MSVs without collisions from their leaders.
In addition to the desired transient performance and colli-
sion avoidance, [11] considers the connectivity maintenance
between the follower MSV and its leader. Peng et al. [14]
presented an output-feedback flocking control method, which
is capable of avoiding collisions among neighboring MSVs.
And the similar result can be achieved by the model predictive
control strategy in [16]. In [12], a distributed time-varying
formation controller is developed for under-actuated MSVs
encountering static obstacles. In [13], a nonlinear extended
state observer (ESO) is designed to achieve the collision-free
cooperative formation of MSVs without measurable velocities.
In [15], a finite-time containment maneuvering control method
is designed for under-actuated marine vehicles guided by
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multiple parameterized paths. In [17], a p-times differentiable
step function is introduced into a synchronization tracking con-
troller for guaranteeing no collisions among surface vehicles.
In [18], a distributed robust formation control strategy based
on the limit cycle is proposed for a heterogeneous formation
of MSVs by using persistent excitation. In [19], an adaptive
fuzzy event-triggered control method based on COLREGS is
developed for surface vehicles encountering the obstructive
ones in head-on, overtaking, and crossing situations. It is found
that most collision-free methods in [8], [9], [10], [11], [12],
[13], [14], [15], [16], [17], [18], and [19] are designed for only
one type of obstacle, i.e., the obstructive vessel, the static, or
dynamic obstacle. However, three types of obstacles may exist
simultaneously in the unknown marine environment. Second,
it is also worthy of attention to minimizing the loss of track-
ing performance while avoiding obstacles. In addition, upper
and lower bounds of the velocity and control inputs of marine
vehicles are critically physical variables in safe navigation.

Motivated by the above observations, we propose an output-
feedback finite-time safety-critical coordinated control method
for uncertain under-actuated MSVs with velocity and input
constraints subject to static and moving obstacles. First, to
recover the unavailable velocities and total disturbances, a
finite-time state observer (FTSO) is developed based on robust
exact differentiator (RED). Next, in the guidance loop, a nomi-
nal finite-time distributed guidance law is devised by using the
recovered velocities. To avoid collision, finite-time control bar-
rier functions (FTCBFs) are used to construct the collision-free
constraints by using the position information of MSVs. Then, a
distributed quadratic optimization is formulated to unify veloc-
ity constraints and multiple collision-free constraints. To solve
the real-time quadratic optimization, a one-layer recurrent
neural network (RNN) is employed to calculate the optimal
safety-critical guidance law. In the kinetic control loop, a nom-
inal finite-time kinetic control law is developed, and an optimal
control law is solved under input constraints. Finally, error
signals of the closed-loop system are proved to be uniformly
ultimately bounded, and the safety of multi-MSV system is
also guaranteed. Comparison results show the effectiveness
and superiority of the proposed method.

Compared with the existing results in [8], [9], [10], [11],
[12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22],
(23], [24], [25], [26], [27], [28], [29], [30], [31], [32], [33],
and [34], the foremost features of the proposed method are
summarized in the following threefold.

1) In contrast to collision-free strategies in [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17], [18], and [19],
the proposed FTCBF-based coordinated control method
can achieve the safety-critical formation of a group of
under-actuated MSVs regardless of the static, moving
obstacles, and neighboring MSVs. In addition, the
optimal velocity signals solved by the neurodynamic
optimization are capable of degrading the tracking
performance less when the collision avoidance behavior
occurs.

2) In contrast to the centralized/decentralized architecture
in [8], [9], [10], [11], [17], [18], [19], [27], and [28], the
proposed distributed coordinated control scheme is able
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to reduce the communication burden and has fault toler-
ance and scalability. Unlike the coordinated controllers
in [8], [9], [10], [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22], [23], and [24], the proposed
finite-time controller can achieve collision-free forma-
tion within finite time without violating the velocity and
input constraints.

3) In contrast to the state-feedback control methods in [8],
[9], [10], [11], [12], [18], [22], [25], [26], [29], and [30]
with exact velocities measured by additional sensors, the
FTSO-based control method can decline the hardware
cost of formation system, especially with more indi-
viduals. Different from linear/nonlinear ESOs in [13],
[14], [20], and [22] and neural network-based adaptive
approximation in [19], [21], [31], and [32], the proposed
RED-based FTSO has the faster convergence speed and
fewer tuning coefficients.

The arrangement of this article is given as follows.
Section II states the preliminaries and problem formulation.
Section IIT designs the finite-time safety-critical formation
controller. Section IV analyzes the stability and safety of the
closed-loop system. Section V gives the simulation results.
Section VI concludes this article.

The following notations are used throughout this arti-
cle. RT, R"” and R™™ present a positive real set, an
n-dimensional matrix set and an n X m-dimensional matrix
set, respectively. diag{---} is a block-diagonal matrix. (-)T
represents a matrix transpose. | - | and || - || stand for the
absolute value and the Euclidean norm, respectively. For a
state variable x = [xl,...,x,,]T € R" and a real num-
ber a € [0, 1), [x]¢ presents a power function expressed as
[x]¢ = [|x1|%sign(x1), . . ., |x,|%sign(x,)]T, where sign(-) is a
signum function.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Graph Theory

Consider a network with M MSVs, N — M virtual leaders,
and one super leader. A graph G = {V, £} is used to describe
the communication topology of the multi-MSV network. V is
a node-set with V = {VS S VL VF } being the sets of the super
leader, virtual leaders, and MSVs. £ represents an edge set £ =
{(i,j) € V x V}, where (i, j) means that the node i can receive
the information of node j. The neighborhood set N; of node i is
defined as NV; = {/\/iS,J\/iL,./\/iF}, where MS ={jeV5G.j) e
EL NE = {j € VG, )j) € € and N = {j € VI, )) € €}
The sequences (i, k), (k,m), ..., (n,j) are called a successive
edge which indicates a directed path from node i to node j. An
adjacent matrix A = [a;] € RN*N describes the links among
nodes with a; = 1 for (i,j) € £ or a;; =0 for (i,)) ¢ £. The
graph with a; = a;; is called an undirected graph. Define an
in-degree matrix D = diag{d;} € RV*V with d; = Z;VZI ajj. A
Laplacian matrix £ € RV*N satisfies £ =D — A.

B. Finite-Time Control Barrier Function

Consider a nonlinear affine control system as follows:

X =f(x)+glu (D
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where x € D C R" and u € R™ are the state and the control
input, respectively. f(x) € R"” and g(x) € R"™™ are locally
Lipschitz continuous functions.

Definition 1 [35]: With a continuously differentiable func-
tion h(x) : D — R, a super level set C C D for the system (1)
is defined as follows:

C={xeD: hkx) =0}
0C={xeD: hx) =0}
Int(C) = {x € D : h(x) > O}. 2)

The set C is called a forward invariant set if x(r) € C Vi > 1y
for any x(tp) € C. The forward invariance of C also means
that the system (1) is safe.

Definition 2 [36]: Given a system (1) and a safe set
C defined by (2), a continuously differentiable function
h(x) : D — R is called an FTCBF defined on the set C if
there exist constants 8 € [0, 1), > € RT such that, for all
xeD

sup [Lrh(x) + Lgh(x)u + 5[h(x)]] = 0. 3)
ucR™
Then, an admissible control input set with an FTCBF h(x)
for the system (1) can be described as follows:

Ux) = {u e R : Leh(x) + Leh(x)u + »[h(x) [P >0} (4)

where Leh(x) and Lgh(x) are the Lie derivatives of h(x) along
the system (1), which satisfying

oh
Leh(x) + Lgh(x)u = %(f(x) +g()u).

Lemma 1 [36]: Given a safe set C C R” defined by (2) with
the corresponding FTCBF h(x), B € [0, 1) and » € RT, any
continuous controller # : D — R™ such that u € U (x) for the
system (1) renders that the set C is forward invariant. Supposed
the initial state x(f9) € D\C, any continuous controller u €
U(x) for the system (1) will drive the state x(¢) to the set C
in a finite time T = |h(to)|"# /(1 — B).

C. Problem Formulation

Consider a path-guided coordinated control system contain-
ing of M MSVs and N — M virtual leaders shown in Fig. 1.
In the earth-fixed reference frame Xg — Yr and the vehicle-
fixed reference frame Xp — Y, the model dynamics of the ith
under-actuated MSV are presented as follows [37]:

i=1,....M

1, = R(Wivi, 5)
Mp,+Cv;+Dv;i+g, =1+ Ti
where ; = [piT, V1T € R3 is the position and yaw angle

vector with p; = [x, 1% vi = [w,vi,ri]T € R rep-
resents a surge, sway, and yaw velocity vector satisfying
Uimin < Ui < Uimax, Vimin < Vi < Vimax, and rimin < ri <
Timax With Uimin, Vimin, ¥imin> Yimax, Vimax, 'imax D€INg some con-
stants; M; = diag{m, m}, m}} is an inertial mass matrix; C; =
—CT € R3*3 denotes a Coriolis/centripetal matrix; D; € R3*3
represents a damping matrix; g; € R? is the unmodeled hydro-
dynamics; For an under-actuated MSV, 7; = [7/, 0, 7/ 1T e R3

is a naturally bounded control input satisfying 0 < ¢/ < /!
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Fig. 1. Path-guided cooperative formation of multiple MSVs subject to
static/dynamic obstacles.

r r r 3 u r 1 1t1
and —7; . <7t/ <t/ with 77 and 7; being positive
constants; t;,, € R’ is the environmental disturbance from
wind, wave, and current; R(v;) is a rotation matrix satisfying

R(¥:) = diag{R' (), 1} and R(¥) = riSR(y;) with

. 0-10
, - Teos(y) —sin(y) ~
R = [sin(w,») cos (Y1) } mdsS=1100

Since three freedom degrees of under-actuated MSVs (5)
cannot be controlled alone, it is extremely challenging to
achieve the distributed collision-free formation. Then, the vehi-
cle model (5) is transformed into an earth-fixed model as
follows:

pi=4q (62)
q; = ;'?b + 7?1, (6b)
Vi =ri (6¢)
r= {5, + rl-ﬁ, (6d)

where g; = R'(Y)[ui, vilT = [q], ¢ 1" € R? is the earth-fixed
velocity; r?b € R? and 7}, € R are the earth-fixed nominal
control inputs satisfying 7;, = [r:.’bT, 1T = RY)M; 't
¢;, represents the earth-fixed total disturbances with ¢, =
(DT, ¢ 1" = riSR(Y)v; + R(WDM; ' (=Civ; — Div; — g; +
Tiy), where ¢4 = [¢}. ¢1". In addition, one has

[ 1011 = i+ Vs a0 1] S i (Ta)
Tl < Thax/mi's and [h) < tho/mi. (Tb)

In the path-guided coordinated control problem, multiple
MSVs are driven to track the convex hulls spanned by MSVs
and virtual leaders, which move along the predefined param-
eterized paths py,(6) = [0, virO)1T € R% k = M +
1,...,N with 6y € R being a path variable. It is assumed
that p;,.(6x) and its partial derivative pzr = 0py,(6k)/06k
are bounded. For the kth virtual leader, the parameter 6y is
updated by

Ok = vy — X ®)
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where vy € R is a predefined update speed. yx; denotes a
coordination error to be designed later. For the super leader,
labeled as 0, with the dynamics (90 = vy, it moves with a
constant velocity v.

To achieve the distributed coordinated formation, the vir-
tual leaders and MSVs need to deliver self-information to their
neighbors via the network/sensor. To describe the communi-
cation relationships, a graph G is used, and the corresponding
Laplacian matrix £ € RV*V is defined as

| L1 L
e=[i) ®

where Ly € RW-MxWN-M) . and L, €
RM*(N=M) reflect the information exchanges among virtual
leaders, among MSVs, and between virtual leaders and MSVs,
respectively.

The objective of this article is to devise an output-feedback
finite-time safety-critical coordinated control method for path-
guided multiple under-actuated MSVs with velocity/input
constraints subject to static and moving obstacles. Then, the
following objectives need to be satisfied.

1) Geometric Objective: Drive each MSV to track the cor-
responding convex hull spanned by virtual leaders within finite
time, such that

c RMXM’

pi() — Y B0 <6 (10)
keNF
where i = 1,...,M and §; € RT. o is a positive constant

with Ziv:MH ap = 1.
2) Dynamic Objective: Drive each virtual leader to com-
plete the following tasks.
1) Velocity Task: The dynamics 6; converges to the
predefined update velocity in finite time, such that

|6k — vs| < 011

(1)

where k=M +1,...,N and &; € RT.

2) Phase Task: The path parameter 6; converges to the
parameter of the super leader with the predefined devi-
ation ©y, such that

|0k — 6o — Ok| < bk2

where k=M +1,...,N and & € RT.
3) Safety Objective: Ensure each MSV in the safe region.
1) Inter-MSV Collision Avoidance: The distance among
each MSV and its neighboring MSVs meets

(12)

lp; —pjll = Ds e RT (13)

wherei=1,...,M,j € Vf\{i}. Dy presents the extreme
collision-free radius.

2) Obstacle Collision Avoidance: The distance between
each MSV and the static/moving obstacles meets

tll)n} ”pz —Poll > D, + po (14)

where i=1,....Mando=1,...,N,. D, € RT and
po € RT denote the minimum safe distance and the
radius of the oth obstacle.

1791

— Communication
.9 ,‘i,,,l,gf,,,,,,,,fiz e
Path update Collision-free
! law constraints
1
5 1
Z"; P,‘,{ lpkr Ml](‘lz)luw(qm) l:’ ””””””””””””””” id
) [
= Distributed | ig| Neur ic |90 | inal | Tic R
> guid; law 1 ptimizati _:7" control law O o |
I
i T ¥ F T ¥
! i Velocity ib] Vi Input
Third-order constraints '\ | Third-order constraint
S —— N’
FTSO FTSO i
,,,,,,, Kinematiclevel; /SN SRS Kinetic] eyel)
PIITQ, Ni[Tib

Fig. 2. Block diagram of the proposed finite-time safety-critical formation
controller.

The following assumptions are needed in this article.

Assumption 1: The graph G is undirected and has a spanning
tree with a super leader as a root node.

Assumption 2 [38]: The time derivative of ¢, is bounded
and satisfied with [|¢;, ]| < ¢ € RT.

Remark 1: This article studies a distributed coordinated con-
trol of multiple MSVs under an undirected communication
topology. To achieve the distributed formation guided by a
super leader, it is natural to have a spanning tree with the super
leader as a root node. Thus, Assumption 1 is reasonable, and
similar assumptions can be found in [31] and [39]. For a practi-
cal marine vehicle, the velocity-involved terms ¢, and &, are
naturally bounded due to the limited energy and constrained
actuators. Besides, the environmental disturbances from wind,
wave, and current are also bounded. Thereby, Assumption 2
is reasonable for MSVs. Similar assumption can be found in
[13], [38], and [40].

III. CONTROLLER DESIGN

This section proposes an FTCBF-based output-feedback
finite-time safety-critical coordinated control method for path-
guided under-actuated MSVs with the velocity and input con-
straints subject to static/moving obstacles. The block diagram
of the proposed method is shown in Fig. 2.

A. Finite-Time State Observer

The velocity is a vital maritime signal for marine vehicles
moving on the sea. When the velocities are unavailable, it
becomes very challenging for the motion control of MSVs,
especially for the collision-free formation. According to [39]
and [41], ESO is an efficient tool to estimate the unknown
state and disturbances, simultaneously. To improve the conver-
gence speed and estimation accuracy, an RED-based FTSO is
developed to estimate g;, r;, and ¢, as follows:

. 1 2
n; = _MilLi32 [17,- — mJ S+
1

¥i=—pwaLly [4;— 0]+ + T

15)
A N 0

¢ = —misLi[ f; — n;]

where i; = [p; . ¥il", #; = [q; . 71", and &, = [@3)7, £51"
present the estimated values of y;, #;, and &;, with ¥#; =

(g7, 1", respectively. i1, pio, i3 € RY are the observer
coefficients. L; € RT denotes a scaling factor.
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Apply the variable change§ 0, = LE;, ¥; = LiE;, and
$ip = LiE3 with ), = 9;—;, & = #i—9;, and £, = 3~ 8-
Using (7) and (15), the dynamics of E;;, Ej, and E;3 are
deduced as follows:

. 2

Ej = —uilEin]3 +Ep

. 1

Ep = —pnlEnl> +Ei3
E = —puis[Enl° — &/Li.

According to the stability conclusion in [42] and [43], the
error dynamics of RED-based FTSO in (16) is finite-time
stable if Assumption 2 is satisfied. The estimated errors 7;,
¥;, and ¢;;, can converge to small neighborhoods of the ori-

gin within finite time and satisfy [;l < 7 € R* and
9]l < i € RT.

(16)

B. Distributed Finite-Time Safety-Critical Guidance Law

In this section, a distributed finite-time safety-critical guid-
ance law is developed for multiple under-actuated MSVs based
on the FTCBF and neurodynamic optimization technique.
Then, a finite-time path update law is designed for multiple
virtual leaders.

First, a distributed kinematic tracking error p;, is defined as
follows:

Pie = Z aij(l’i —Pj) + Z aik(Pi —Pkr(Qk))-

JjeNt keNF

a7

By the submodel (6a) and parameter dynamics (8), it yields
the derivative of p;, as follows:

pie =diq; — Z aijq; — Z airP i (Ok)
jeNFt keNE

(18)

where d; = YN a;j and py, (0) = pf, (vs — i)
To stabilize the error dynamics (18), a nominal finite-time
guidance law is proposed as follows:

1 1 n 0
qdi; = d_z —/L?g |—pieJ + Z ajjq; + Z QAikP Vs
jeNTt keNE

19)

where ,u?g € R is a control gain.
To coordinate the virtual leaders, the variable x; for the kth
virtual leader is presented as follows:
1
Xk = —M;)fg [ex]? (20)
where /L,)fg € R7 is a tuning gain. ¢; = ZieN,f akierTpie — Oke
with 6, = ZZG/\[]{L ay(Or—0;—By), where Oy = O, —0y, k =
M+1,...,N, k#1L .
Define a global path coordina_ltion error as 6y, = 6 — 6.
Then, it takes the derivative of 6, along (8) as follows:

Oke = —Xk- 1)
Let ée = [é(M+1)ev ceey éNe]T e RN-M and 0, =
O+1yer---» Onelt € RN™M be a global and local

path coordination error vectors, respectively. Then, it yields
that 0, = HO,, where H = Lo + Ap with A4y =
diag{a+1)0, - - -, ano} being a leader adjacency matrix.
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Fig. 3. Collision-free sets based on FTCBE.

_ Substituting (19) into (18), the error dynamics of p;, and
Ore are deduced as follows:

l ~ ~
pie = _/’L?g |—pieJ 2+ diqie - diqi
+ Djenr Qi — Yenrt GikPh, Xk
Oke = — Xk

(22)

where éie = éi —4ig-

To guarantee the formation safety of under-actuated MSVs
subject to static/moving obstacles, a safety-critical guidance
signal is needed. Motivated by the safe set in [35] and [36],
the objectives (13) and (14) are converted into ensuring the
forward invariance of the corresponding safe sets, respectively.
Then, the collision-free sets C;; and C;, based on the position
information are constructed as follows:

{Cij = {pi € R* : h(p;) = 0}
Cio = {P,’ € Rz : hio(f,’) = 0}
where h;;(p;) and h;,(p;) are FTCBFs to design later. Fig. 3 is
used to further illustrate the principle of the collision avoid-
ance. In the left picture, MSV will always stay in the safe zone,
ie., p;(t) € Cyj, t > 1 if the initial state satisfies p;(to) € Cj;.
When p;(t) ¢ Cjj, the safety-critical guidance signal with the
FTCBF h;i(p;) drives the MSV to the safe zone within finite
time. It means that the MSV can avoid its neighboring MSV,
i.e., the ith MSV is safe. The right picture is similar to the
left one.

Based on the safety objective (13), the FTCBF h;i(p;) is
constructed to avoid collision among neighboring MSVs

hij(p;) = lp; —p;I* — D}

where i=1,...,M,j € VF\{i}. By using (4), (6a), and (24),
a collision-free velocity set U;(q;) is presented as follows:

Uij(g;) = {‘Ii € R? : Ly, hij(p;)
+ Lo hij(pi)g; + i [hi(p;) |7 = o} (25)

where Ly hjj(p;) and Lg hij(p;) represent the Lie derivatives of
hij(p;) along the dynamics (6a). s; € R* and Bij € [0, 1) are
designed constants.

Similarly, based on the safety objective (14), a collision-free
set Ui, (g;) is developed to avoid the static/moving obstacles

Uio(q;) = {‘Ii € R? : Ly hio (p;)
+ Lghio(pi)a; + o fhio(pi)Jﬂi" > O} (26)

where hio(;) = Ip; — P,lII> — (Ds + po)*, i = 1,..., M,
o=1,...,Ny. Ly hiy(p;) and Lg hjo(p;) are Lie derivatives of

(23)

(24)
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hio(p;) along (6a). 5, € RY and By, € [0, 1) are the designed
constants.

In order to minimize the impact on the tracking performance
of the multi-MSV, a quadratic optimization is formulated to
unify the collision-free constraints U;;(g;) and Uj,(q;) and the
velocity constraint (7a). Then, the optimal velocity signal g}
is solved as follows:

g = argmin J!(q;) = lg; — g
q;€R?
s.t. q; € Uij(q;)
q; € Uio(4;

/.2 2
”qi” = Uimax + Vimax

withi=1,.... M,jeVF\{i}ando=1,...,N,.

The quadratic optimization problem in (27) is a typical mul-
ticonstraint optimization problem, which is able to be solved
by the neurodynamic optimization technique [44]. To enhance
real-time implementations, the following one-layer RNN is
used to solve (27) as follows:

27)

di+N0+1

ey =—VJ{(g) = — > omax{0, su(a)}
"ok=l

(28)

where €; € RT and (; € R present a convergent time constant
and a penalty parameter, respectively. cix(q;) = —Lg h;j(p;)q,—
Ly hij(p) — i Thijp) 1 Pi k=1, ... di, sik = —Lg hio(p))q; —
Ly hio(;) — io[hio(@) 1P,k = di +1,...,d; + N,, and
Sitdi+N,+1) = llg;ll — gi- @ max{0, gir(g;)} is an exact penalty
function expressed as

V() for gix(q;) > 0
9 max{0, cit(g;)} = { [0, 11Vsu(g;), for i(g;) =0
0, for §ik(‘1i) <0

with [0, 1] is a set-valued map with image in the scope [0, 1].

Remark 2: For the quadratic optimization in (27), the
number of safety constraints Uf;; and U, increases propor-
tionally with the number of vehicles and obstacles involved,
which may result that the collision avoidance becomes much
more complicated. But the model complexity of the proposed
RNN (28) only depends on the control inputs without con-
sidering the number of constraints. Therefore, the proposed
neurodynamic optimization method is reasonable and
feasible.

Remark 3: The predefined performance function [11], arti-
ficial potential function [13], model predictive control [16],
and self-motion [45] are common collision avoidance tech-
niques, and usually incorporated in the control law. Compared
with these strategies, the proposed FTCBF-based method con-
verts safety objectives into guidance constraints, which are
independent of the control law. Besides, it is capable of degrad-
ing the tracking performance less when the collision avoid-
ance behavior occurs by solving the constrained optimization
problem.

C. Finite-Time Control Law

The last section developed a distributed finite-time
safety-critical guidance law for under-actuated MSVs. This
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section design a finite-time control law at the kinetic
level.

By using the optimal guidance signal from (28), the desired
heading angle v, is calculated as follows:

Vig = atan2(q;". q;")

where atan2(-, -) is an arctangent function defined as the angle
in the Euclidean plane expect (0, 0).

Define a heading tracking error ¥, = v¥; — ¥, and take its
time derivative as follows:

Yie = 1i — Vig.

To stabilize ¢ie, a finite-time virtual control law is
developed as follows:

(29)

(30)

1 .
Tig = _N;g [Viel]2 + 1»”ig (31)
where ,ufg € Rt is a constant.
Substituting (31) into (30), fﬁie is presented as follows:
. 1 ~ ~
Vie = —Wig[Wiel2 — Fi + Fie (32)

where 7, = 7 — rig.
Then, the optimal yaw rate r} under the constraint (7a) is
solved by the following quadratic optimization:

. 2
r; =argmin J;(r;) = (r, r,g)
r;GR
S.t. Fimin < ¥i = Fimax

(33)

where r} = max{min{rig, "imax}, Fimin}-

Define the velocity tracking error #;, = [c}iTe, Fie]lT with
4. = q; —q; and 7, = 7; — rf. Then, it gets the derivatives
of #;, along (15) as

A 2 1 n .
Pie = —piL] [0;]° + 8o+ Tic + Tie — b (34
where 7;, = T — T and #; = [¢iT, i7" with 7 € R
being a nominal kinetic control input.

To stabilize the error dynamics in (34), a nominal finite-
time kinetic control law is developed by using the estimated
disturbance from the RED-based FTSO

~ 7 A T
Tie = —pie| i | = & — [dpl i) (35)
where ;. = diag{uf., pl, ul} with uf. € RT and pl. € RT.
To acquire the optimal control inputs under input con-
straints (7b), a quadratic optimization is applied as follows:
T}, = argmin J7 (1) = |Tip — Tl
Tib€R3

u

q
st MmNty ll < Tinax

r

r__r r
Timin = m; T = Timax (36)
. *
with 7, = [(r?b )T, ri’L,*]T and 7, = [(‘[?C)T, rirc]T. As a

result, the optimal surge force and yaw moment are deduced

as follows:
U __ U X% . Y* .

T = m; (tib cos ¥; + Ty, sin w,) 37)
ro__ ¥k

T =miTy"
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Substituting (35) into (34), one has
5 . |3 21 .
Fie = —Mic ’777‘ Jz — uoL [7;]3 = 9;

+ 14— [dplL vie]" (38)

IV. STABILITY AND SAFETY ANALYSIS

In the last section, the output-feedback finite-time safety-
critical coordinated control method is proposed. In this section,
the stability of the closed-loop system is analyzed, and the
safety of the multi-MSV system is proved.

A. Finite-Time Safety Analysis

At first, the following lemma gives the finite-time conver-
gence of the neurodynamic optimization (28).

Lemma 2 [44]: For a sufficiently small ¢;, the neuronal
state g; in the RNN (28) can rapidly converge to the optimal
guidance signal g} within finite time and hold there in future.

The following lemma shows that the multi-MSV system is
safe by using the optimal safety-critical guidance signal g;.

Lemma 3: For under-actuated MSVs with dynamics (7),
the formation safety of the multi-MSV system is able to
be ensured if the velocity signal ¢g; of underactuated MSVs
satisfies all collision-free constraints U4;(q;),j € VE\(i} and
Uio(g),0=1,..., N,.

Proof: According to Lemma 2, the velocity signal ¢; can
converge to the optimal safety-critical guidance velocity g
within finite time while satisfying all collision-free constraints.
From Lemma 1, the optimal signal g} is able to guarantee that
the sets C;; and C;, are forward invariant for the initial state
pi(to) € Cij N C, ie., Cj and C;, are safe sets. If p;(t)) ¢
CijUCjy, the optimal guidance signal g} drives the MSV to the
safe zone within a finite time 11, i.e., p;(f) € C;jNC;, for 1 > ¢.
It implies that C;; and C;, are forward invariant for p;(t) €
Cij N Cip, t > t1. Thus, the optimal safety-critical guidance
signals can ensure the safety of the multi-MSV system. H

B. Closed-Loop Subsystem Analysis

Recall the error dynamics as follows:

1 N -
Die = _M?g IrpieJ :+ diqie + Zje_/\/l.F aiiq;
—diq; — Zke NE aip? Xk
1.[/ Mtg ﬁpzeJ 2 ;;i + ?ie (39)
X 1 . *
i = —HKic ’70! J M12L3 I_n J 3 -
. +T?e_ [ ipie’lp"e]
Oke = — Xk-

The following lemma shows the stability of the total closed-
loop system (39).

Lemma 4: Under Assumptions 1 and 2, the error signals
of the total closed-loop system (39) are uniformly ultimately
bounded.

Proof: Consider a Lyapunov function candidate as follows:

M

1 T AT A ) Lot 2
Vo = E Z(piepie + ;4 t wie + rie) + Eoe HO,.

=
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Taking the time derivative of V, with (39), it yields that

M
Vz = Z Mzgpte IrpleJ 2 - Z aikp;gpzr)(k

i=1 keNE
1
T~ T- ~Trs |3
— dpLgi+ ) apid; — 1 i)’
jeNf
Vieli

1

I A ~ |3
M;ng Tie ’71//1J

Z XkOke-

k=M+1

2opr
- l/Li2L,'3q;I; |—piJ qte(qt - Tzc)

s — Wl Rl —
Miglwtel I'Lic|rle|

— Fiel? + FieT], (40)
Substituting (20) into (40), one has

M

. 1
Vo = Z { B U’?gp};[ ieJ : - d,p};q, Mchte IrqleJ 2
i=1

2 1 3

T~ AT = 3

+ Z aipiod; — ik} @i [Pi |* — RiglWiel?
jeNf

2 1
3 7|3
— dld; — ) = il = pal e Vi

N 3
— Yieli — Vte( - ‘Cire)} - Z /’Ll)c(gel?
k

M
3 3 3
(1 = (1 A = =
<> { — WighPiell2 = wiclie |2 — wigliel2

n 3 ~ ~
— WielFel? + el Y ayd; — did|
JeNF

ra gt 8
+ NGl [B; |* + ¢ — TLll + [WielI7i]

1 N 3
3 * r X 2
+ 7 _Tie|}_ Z 'ukgek‘

k=M+1
q q r r : V
Migs Wies gy Iic}, We rewrite V3

2c
+ |Fiel [ioL; {WiJ
(41)

Letting p, = minj—y,..
as follows:

y A 3 A 3 3 A 3
V2 < Z{—&i(llpiellz il + 1Wiel® + [l ?)

+ lailllpllg: 1l + ”qze””MlzL pr3 +4; — |

el + el oL [&,-f i - rwl}
(“2)

with o; = Zje./\/’f ajj — d;.

By Lemma 2, the derivatives of ¢} and #} are bounded and
satisfied with [|¢f] < gF € RT and |/f| < 7* € RT. Limited
by the actuator power of a practical MSV, it is obvious that
the control input errors T?e and 7], satisfy ||r I < r e Rt
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and |t/,| < 7/, € R*. Using [B;[| < 7, 1%ill < 7> 11 < 9
and ||7|| < ¥4, V3 is further deduced as follows:

M
Vz = Z{
i=1

+ Viloillpicl + 1 (/m

3 3 ~ 3
(Wil + 1l + el + 17l ?)
2 1
3 3+ql +tle)

+ ﬂ|wze|+|rte|</¢L12L3 +r +T,e)}

3
Z u’kgl?

k=M+1

(43)
Rewrite (43) as follows:

M
Vz =< Z{
i=1

3 ~ 3 3 ~ 3
_Ei(”pie”2 + ”qie”2 + |Wie|2 + |rie|2)

3
Z I’Lkglf

k=M+1

+ &i(lpicll + 1Giell + [l + IFiel)}
(44)

where & = max{i, &, &3, §ia} with & = Biloil, &n =
H”ZL nt +qz +T,e» &3 = 19 and &4 = M12L3'7, +r +Tze

Define the vector E' = E,t}z, z,rz,eT]T with p, =
A AT
L Ter oo Pagel's e = [qle’ ey Ve = [Wies o Y]
r, = [rlm-- rMe] = [€M+1,--- ey]" and E =
pral vl il 6,0". Then one has V; < —c||E||®/? +
|EIIE], where c; = mini=i . Mk=M+1... N{—gi,lt;)c(g} and
E = max;=1,.. m{&}
Applying the change E' = WE with
Iy QI 0 0 0 0
0 InI, 0 0 0
V= 0 0 Iy 0 0
0 0 0 Iy O
K 0 00 -H
r 0 r
Cagrsn {53;:13 Cam+nM ggﬁ;
® = : :
anN %%xr anm %%xr

and ||E'|| = Amin(W)||E||, it renders that

V) < 01?»§,m(‘I’)IIE||2 + [EIIE] (45)
where Apin (W) is the minimum singular value of W.
For [E[[(/2) = |8I/(cin oy (¥)), we have V2 < — V3,

where ¢ = (c12002) (W) — | B/ 1/2)(2/e3) P/ with 3 =
max{l, Amax(#H)}. According to [46, Lemma 1], E converges

to the region IE|9/? < |E]/(c1 )‘mm (\Il)) within a finite

time 7, satisfying T < 4V2 74 /c2. In conclusion, the tracking
error E of the total closed-loop system converges to [|E| <
|E2/(cihgn (W) in T .

Remark 4: It is seen that the error ||[E| will increase as
the number of individuals in the multi-MSV formation. And
the upper bound of the error ||E]|| is reflected by the commu-

nication topology. But the information of all vehicles is not
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@ Super leader
@ Virtual leaders
MSVs

Fig. 4. Application case of multi-MSV formation on an unsafe water.

needed in the controller design. Thus, the proposed method is
still distributed.

C. Stability and Safety Analysis

This section analyzes the stability of the closed-loop system
and the safety of the multi-MSV system and provides the
following theorem.

Theorem 1: Consider a formation of multiple under-
actuated MSVs with model (5), velocity constraints (7a),
and input constraints (7b). Under Assumptions 1 and 2, the
multi-MSV system is safety-critical by using the RED-based
FTSO (15), the distributed finite-time safety-critical guidance
law (28), and the finite-time control law (36), i.e., there is
no collision among neighboring MSVs and between MSVs
and static/moving obstacles. And error signals of the total
closed-loop system are uniformly ultimately bounded.

Proof: Letting p = [pl,....p41" and p, =
[p(TMH)r, . ,p}:,r]T, one hasp, = (L1 @L)p+ L@ DL)p, =

(L1 @ I))(p + (L1_1L2 ® I)p,). Further, it devises that
lp + (L7'Ly ® I)p, || < Ip,]l/*min(L1). From Assumption 1
and Lemma 4, the errors p, and 8, are bounded. It means that
there exist positive constant §; and &x» such that the geometric
objective (10) and the dynamic objective (12), respectively.
Then, it gets that the error yj is bounded. Thus, it infers
that there exists a positive constant d;; and the dynamic
objective (11) is achieved. By Lemmas 2 and 3, it is proved
that the constraints (27), (33), and (36), are satisfied by using
the optimal signals #; and 7. It shows that the closed-loop
multi-MSV system is safety-critical without violating the
velocity and input constraints, i.e., safety objectives (13)
and (14) are achieved. [ |

V. SIMULATION RESULTS

This section gives simulation results for an applica-
tion case to demonstrate the effectiveness of the proposed
output-feedback finite-time safety-critical coordinated control
method. As shown in Fig. 4, three under-actuated MSVs,
labeled as 1~3, perform tasks guided by two virtual lead-
ers, labeled as 4, 5, and one super leader labeled as 0, and
sail on waters with multiple static/moving obstacles, such as
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TABLE I
INITIAL STATUS OF THE MSVS AND STATIC/MOVING OBSTACLES

i=1,2,3,0 \ MSV1 MSV2 MSV3 MSVo
[p;fr, i) [35, -15, @] [40, 0, w]  [40, -10, 7]  [120, 80, =]
la} ] [0, 0, 0] [0, 0, 0] [0,0,0]  [-0.12, 0, 0]
0=1,2,3,4 ‘ Obstaclel Obstacle2 Obstacle3 Obstacle4

pl [-10, 30] [25, 80] [75, 60] [35, 35]

qf [0, 0] [0, O] [0, O] [0, 0.2]

Po 4 3 5 3
TABLE II

ALL PARAMETERS OF THE DPM-FTCBF METHOD

Symbol | L; Hi1 Hi2 Hi3 Hig 1y Hig
Value ‘ 3.5 4 5.6 1.1 2 0.2 0.6
Symbol | pd ur, 4 Hio Bij Bio €
Value ‘ 0.6 1.2 2 2 0.5 0.5 1
Symbol | ¢4 D, D, vs Uimax Vimax Timax
Value ‘ 0.5 4 2 0.5 0.8 0.2 0.5
Symbol | Uimin Vimin Timin  Timax  Timax

Value ‘ 0 -0.2 -0.5 20 5

reefs, isolated islands, and sailing ships. Then, one obstruc-
tive MSV named as o, three static and one dynamic obstacles
named as 1~4 are set in this simulation. In addition, Fig. 4
also describes the communication topology between MSVs
and leaders.

According to [47], we select the vehicle model as M; =
diag{25.8,33.8,2.76}, D; = diag{0.7225 + 1.3274|u;| +
5.866414,.2, 0.88965+436.47287|v;| 4+0.805]|r;|, 1.90 — 0.08|v;| +
0.75|r|}

0 0 —33.8v; — 1.0948r;
C = 0 0 —25.8u;
33.8v; + 1.0948r; 25.8y; 0

The external disturbance t;, is generated via the Gauss—
Markov process T;, + kT, = w;, where k; € RT is a
constant, and w; represents the white noises [48]. The two
virtual leaders move along the parameterized paths py,.(61) =
[40 — 45/2sin(v,04/45 + 7/8),40 — 454/2c0s(vsHs/45 +
71/8)]T and ps,.(65) = [40 — ZOﬁsin(v595/45 + 7/8),40 —
20+/2cos (05 /45 + /8)]T with 64(0) = 65(0) = 0 and
®4 = O5 = 0. To be clear, two tables summary all parame-
ters used in this simulation. Concretely, Table I lists the initial
status of three MSVs, one obstructive MSV, three static, and
one moving obstacle. Table II provides the relative param-
eters of the proposed distributed path maneuvering method
based on FTCBF (DPM-FTCBF). To further illustrate the effi-
cacy and superiority of the DPM-FTCBF method, we employ
two comparison methods, i.e., the distributed path maneuver-
ing (DPM) method in [39], and the DPM method based on
potential function (DPM-PF) in [15].

Figs. 5-14 shows the simulation results. Specifically, Fig. 5
depicts the geometric pattern of three under-actuated MSVs
guided by two virtual leaders based on the DPM-FTCBF
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XE [m]

EE> MSVa
O Obstacles

—6— Convex hulls
me= MSV1

40 60 100 120
YE[ml

Fig. 5. Formation trajectories of 1-3 MSVs guided by 2 virtual leaders.

0 10 20 30 40 30 20 -0 0 10 20
t € (0,60] t € (80,160]

100
90
80
70

60

50
0 10 20 30 40 50 60 70 80 90 100
t € (235,285] t € (330,420]

Fig. 6. Four snapshots of multi-MSV formation based on the DPM-FTCBF
method.

method. It is seen that these MSVs achieve the desired forma-
tion shown in the topology in Fig. 4, while avoiding three
static obstacles of different sizes. In order to observer in
more detail, Fig. 6 draws the four snapshots of 3 MSVs
during 0~60 s, 80~160 s, 235~285 s, and 330~420 s. For
t € (0,60], MSV2 and MSV3 move away from each other at
the intersection with no collision. For ¢ € (80, 160], MSV1
and MSV2 bypass the Obstaclel while maintaining the for-
mation with MSV3. For ¢+ € (235, 285], three MSVs avoid
the moving Obstacle4 after dodging the static Obstacle2. For
t € (330, 420], MSV2 and MSV3 move towards their corre-
sponding convex hulls while bypassing Obstacle3. According
to four snapshots in Fig. 6, it shows that the safety objec-
tives (13) and (14) are satisfied by using the DPM-FTCBF
method. Fig. 7 draws the Euclidean norm of the distributed
tracking error p;, in (17) based on the DPM, DPM-FTCBF,
and DPM-PF methods, respectively. The errors ||pi,|l, P2l
and ||ps,|| based on the DPM method converge to the neigh-
borhood of the origin and do not change afterwards. Due to
collision avoidance involved in the DPM-PF and DPM-FTCBF
methods, ||p;.ll, lP2.ll, and ||ps.|| start to increase when colli-
sion avoidance is in effect, and reconverge to the neighborhood
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Fig. 7.
DPM-FTCBF, and DPM-PF methods.

Earth-fixed distributed tracking errors of MSVs based on the DPM,
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h3o [1112]

Fig. 9. FTCBFs between MSVs and static/moving obstacles based on the
DPM, DPM-FTCBF, and DPM-PF methods.
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Fig. 8. FTCBFs among MSVs based on the DPM, DPM-FTCBF, and DPM-
PF methods.

of the origin when collision avoidance ends. It can be seen that
the DPM-FTCBF-based errors are smaller than that based on
the DPM method at steady state. For ¢t € (80, 160], avoiding
the Obstaclel with the proposed DPM-FTCBF method is capa-
ble of less increasing the tracking errors compared with the
DPM-PF method, i.e., declining the tracking performance less
when collision avoidance. To further explain, Figs. 8 and 9 plot
the FTCBFs h;; and h;, defined by (24) and (26) based on the
three methods. From the definitions of h; and hj,, the non-
negative h;; and h;, mean the safety objectives (13) and (14)
are accomplished. In the third subfigure of Fig. 8, the DPM-
based hp3 from positive to negative means that MSVs 2~3
collide before converging to convex hulls. In this case, the
functions hy3 with the DPM-PF and DPM-FTCBF methods
are always non-negative, which also verifies the first snapshot
in Fig. 6. According to the DPM-based hj,, MSV3 will hit
the MSVa. Two other methods can ensure the safety of MSV3.

0.5 J-'—‘———p—i—»———\———y——-.———J——\———r——~
0 50 100 150 200 250 300 350 400 450 500
1fs]
Fig. 10. Earth-fixed velocity signals of MSV1 based on the DPM, DPM-

FTCBF, and DPM-PF methods.

According to the dot line hy4, the DPM-PF method may fail
when both dynamic and static obstacles exist. The DPM-
FTCBF method is able to guarantee the critical safety of all
MSVs from Figs. 8 and 9. Fig. 10 presents the actual veloci-
ties of MSV1 guided by the DPM, DPM-FTCBF, and DPM-PF
methods and the estimated values from the FTSO (15). It can
be obtained that only the DPM-FTCBF method can force the
velocity signals to satisfy the set constraints (7a). Fig. 11 dis-
plays the estimated performances for the total disturbances
composed of the model uncertainties and environmental dis-
turbances from the FTSO and the ESO. It is found that the
FTSO can estimate the disturbance term faster and more accu-
rately. Figs. 12 and 13 draw the surge forces and yaw moments
of MSV 1~3, respectively, where the input constraints (7b) are
not violated by using the DPM-FTCBF method. Fig. 13 shows
that different bounds affect the convergence speed of tracking
errors but not the tracking accuracy in steady state.
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Fig. 11. Earth-fixed total disturbances of MSV1 based on the FTSO and the
ESO.
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Fig. 12. Surge force of MSVs based on the DPM, DPM-FTCBF, and DPM-
PF methods.

VI. CONCLUSION

This article proposes an output-feedback finite-time safety-
critical coordinated control method for path-guided under-
actuated MSVs subject to the static/moving obstacles. Each
MSV is also faced with model uncertainties, environmen-
tal disturbances, and velocity and input constraints. First,
an RED-based FTSO is developed to recovery the unknown
velocities and estimate the total disturbances. Next, based on
the FTCBFs and neurodynamic optimization technique, a dis-
tributed finite-time safety-critical guidance law is designed
for under-actuated MSVs by using the estimated information.
Then, the tracking errors of the closed-loop system are
proved to be uniformly ultimately bounded, and the multi-
MSV system is guaranteed to be safety-critical. Simulation
results show that the proposed method can achieve the coor-
dinated formation of MSVs and ensure no collisions among

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 53, NO. 3, MARCH 2023

{[N-m]

5N m]

T
DPM — PF

B
=
e
0 50 100 150 200 250 300 350 400 450 500
t[s]
Fig. 13.  Yaw moment of MSVs based on the DPM, DPM-FTCBF, and

DPM-PF methods.

T T T T T T T
b | Without bounds Ftanr = 80, Thnax = 15— = T = 15, Thuax = 5|
)
= A
) A\ \ 1
1\ . )
0 I / N I L A N -
0 50 100 150 200 250 300 350 400 450 500
15 T T T T T T i
Without bounds P = 30, T = 15 == A = 15, T =5 |
ERUS 1
=3 \
8 7\
= 5k N i \' B
. g SN
. A, S
0 50 100 150 200 250 300 350 400 450 500
T T T T T T T
Without bounds Tamax = 30, Moy = 15 —-—- T3 =15, 73 .. =5 ‘
| ! ! et !

100 150 200 250 300 350 400 450 500
tls]

Fig. 14.
method under different bounds.

Earth-fixed distributed tracking errors based on the DPM-FTCBF

neighboring MSVs and between MSVs and static/moving
obstacles.
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