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Abstract—In this article, we consider the problem of switched-
command-filtered-based adaptive fuzzy output-feedback funnel
control for switched nonlinear multi-input multi-output (MIMO)
delayed systems. A switched MIMO high-gain state observer is con-
structed for each subsystem to estimate unavailable system states.
Compared with the conventional command filter technique, the
main advantage is that the improved error-compensating signals
are designed for each switched subsystem to remove the filtered
errors and avoid an explosion of complexity and the singular-
ity problem. Different from the traditional Lyapunov–Krasovskii
functional method, design obstacles stemming from unknown time
delays are overcome for the switched delayed systems by using ap-
propriate multiple Lyapunov–Krasovskii functions and combining
with the approximation capability of the fuzzy logic systems. Under
a category of switching signals with mode-dependent average dwell
time, all signals in the closed-loop switched system are semiglobally
uniformly ultimate bounded under the output-feedback control;
meanwhile, the tracking errors can remain in prespecified perfor-
mance funnels. Case studies illustrate the flexibility and effective-
ness of the proposed control approach.

Index Terms—Mode-dependent average dwell time (MDADT),
multiple Lyapunov–Krasovskii functions, output-feedback fuzzy
funnel control, switched command filter, switched nonlinear multi-
input multi-output (MIMO) delayed systems.
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I. INTRODUCTION

SWITCHED systems, a common category of hybrid systems,
have attracted much more attention over the last decades [1],

[2], [3]. They consist of several subsystems and a switching sig-
nal, which can describe lots of practical systems, such as single-
link robots, inverted pendulums, data communication networks,
and chemical reactor systems [4], [5], [6], [7]. One key issue in
the study of switched systems is the design of a proper switching
signal. Up to now, some significant design methods for switched
systems have been reported, such as the multiple Lyapunov
functions, common Lyapunov function, dwell time, average
dwell time, mode-dependent average dwell time (MDADT) [7],
[8], [9], [10], [11], [12]. Meanwhile, it is worth noting in [11] that
MDADT-based switching is more general since both dwell time
and average dwell time are considered special switching cases.
In the practical application of switched systems, it is unavoidable
to suffer from time delays due to data transmission, self-physical
characteristics, etc. In general, the Lyapunov-Razumikhin and
the Lyapunov–Krasovskii functional methods are popular in
addressing the delayed systems [13], [14]. It is often the case that
time delays adversely affect the system control performance.
Otherwise, they can even result in the instabilities of existing
control systems. Therefore, it is expected to develop control
strategies with MDADT-based switching for the switched non-
linear delayed systems.

Especially, the backstepping technique is an effective control
design approach for nonswitched or switched delayed nonlinear
systems. In the traditional backstepping technique, the explosion
of dimensionality, also called the explosion of complexity, arises
from the repeated differentiation of certain nonlinear functions,
such as virtual controllers. This process inevitably leads to a
more complicated algorithm with a heavy computational burden,
which becomes significantly more pronounced as the order of
system increases. Meanwhile, the singularity problem, which
can arise when differentiating the virtual control law as indicated
in [1] and [15], may lead to the instability of the nonlinear
systems. To address this issue, Swaroop et al. [16] presented
a dynamic surface control technique. In adaptive control, fuzzy
logic systems are one of the most popular adaptive tools via
the dynamic surface control technique to address the issue for
the nonswitched or switched nonlinear systems [17], [18], [19],
[20]. In fact, these adaptive dynamic surface control strategies

1941-0034 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on September 21,2025 at 05:54:54 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0001-9475-6033
https://orcid.org/0000-0002-8600-9668
https://orcid.org/0000-0002-6572-7265
https://orcid.org/0000-0002-3740-598X
https://orcid.org/0000-0002-4700-1276
mailto:lizhenhuagd@163.com
mailto:lizhenhuagd@163.com
mailto:hongtian.chen@sjtu.edu.cn
mailto:hongtian.chen@sjtu.edu.cn
mailto:wentao-wu@sjtu.edu.cn
mailto:hak-keung.lam@kcl.ac.uk
mailto:wdzhang@sjtu.edu.cn


LI et al.: SWITCHED COMMAND-FILTERED-BASED ADAPTIVE FUZZY OUTPUT-FEEDBACK FUNNEL CONTROL 6561

with fuzzy logic systems have ignored the effect caused by
filtering errors in the control systems. To deal with this problem,
a novel command filter was presented to replace the first-order
filter in the dynamic surface control design. Thus, the command
filter technique has received great attention in the control design
for nonlinear systems [21], [22], [23]. Then, this method has
also been developed for the adaptive control design for the
switched nonlinear systems, such as event-triggered mechanism
with the common Lyapunov function method [24], the finite-
time tracking control under state-dependent switching [8], and
time-schedule Lyapunov function under asynchronous switch-
ing [12]. However, the switched command filter does not con-
sider the transient and steady-state control performance of the
switched nonlinear delayed systems with these adaptive intelli-
gent control strategies.

Moreover, other studies have focused on performance-related
control requirements for the nonlinear systems [25], [26]. Based
on the transient and steady-state performance requirements, the
prescribed control performance control was presented for the
feedback linearizable multi-input multi-output (MIMO) nonlin-
ear systems in [27]. In the prescribed performance control, a
performance-oriented objective function is used to change the
tracking error of the original system into a new error system
under state transformation. The prescribed performance con-
trol scheme was successfully employed in the adaptive control
design for stochastic nonlinear systems [28], MIMO nonlinear
systems [26], etc. However, the conventional prescribed perfor-
mance control may cause instability because of its singularity.
Meanwhile, the funnel control was first proposed by IIchmann
et al. [29], which was also applied to enhance these requirements
of the control systems. The nonlinear systems under the funnel
control work well without a prior about the plants with measure-
ment noises and parameter uncertainties. In [30], an adaptive
fuzzy funnel controller was developed for nonlinear nonaffine
systems using the backstepping method in the finite time. The
funnel control strategy has been successfully developed for
stability and stabilization of non-switched or switched nonlinear
systems [25], [30]. However, due to the limited measurement of
system states, no study has also been reported on the adaptive
fuzzy output-feedback funnel control with a switched command
filter for switched nonlinear MIMO-delayed systems under a
category of switching signals with MDADT.

Motivated by the above discussions, this study focuses on the
adaptive fuzzy output feedback funnel control with a switched
command filter for switched nonlinear MIMO-delayed systems.
The main contributions of this study are summarized as follows.

1) The adaptive fuzzy output-feedback funnel tracking con-
trol scheme is flexibly presented for the switched nonlinear
MIMO-delayed systems using the multiple Lyapunov–
Krasovskii functions under a category of switching signals
with MDADT.

2) To deal with the explosion of dimensionality in the back-
stepping technique, a novel switched command filter is
constructed for each switched subsystem without the po-
tential singularity problem, where the compensation sig-
nals are presented to decrease the influence of the errors
produced from the filter.

3) Due to the absence of measurements, the adaptive fuzzy
output feedback controllers are implemented for each
subsystem with the switched high-gain state observer,
such that the tracking errors can remain in the prespecified
performance funnels.

The rest of this article is organized as follows. Section II
mainly includes the system description. The controller scheme
and stability analysis are presented in Section III. Section IV
shows the effectiveness and flexibility of the proposed control
strategy. Finally, Section V concludes this article.

II. SYSTEM DESCRIPTION

A. Switched Nonlinear MIMO-Delayed Systems

Consider the switched nonlinear MIMO-delayed systems in
the following nonstrict-feedback form:

ẋil = xi,l+1 + filσ(t)(x) + hilσ(t)(xτ ) (1a)

ẋim = uiσ(t) + fimσ(t)(x) + himσ(t)(xτ ) (1b)

yi = xi1 (1c)

where l = 1, . . . ,m− 1 and xi = [xi1, . . . , xim]� ∈ Rm is the
system state with x = [x�1 , . . . , x

�
n ]

� ∈ Rn×m. The switched
systems (1) consist of n interconnected subsystems ℵi for
i = 1, . . . , n. A switching signal σ(t) is a piecewise right con-
tinuous function with M̄ ≥ 2 being the number of subsystems
satisfying σ(t) : [0,∞) → M = {1, . . . , M̄}. Note that during
t ∈ [tj , tj+1), one gets σ(t) = k ∈ M, where tj and tj+1 are
the time instant. The control input of the kth subsystem is
described by uk = [u1k, . . . , unk]

� ∈ Rn. y = [y1, . . . , yn]
� ∈

Rn is the system output. For k ∈ M and l = 1, . . . ,m, filk(·) ∈
R and hilk(·) ∈ R are the unknown continuous nonlinear func-
tions. For known constants τ > 0 and τ̄ > 0, the delayed state
xτ is defined as xτ = [x�1τ , . . . , x

�
nτ ]

� ∈ Rn×m with xiτ =
xi(t− τi(t)) and xijτ = xij(t− τi(t)) for i = 1, . . . , n and
j = 1, . . . , n, where τi(t) is the unknown time-varying delay
with 0 < τi(t) ≤ τ and τ̇i(t) ≤ τ̄ < 1. In this case, Υ(t0) =
x(t0) ∈ Rn×m represents the initial vector at t0 ∈ [−τ, 0].

Definition 1 (See [11]): For the switched systems, a switching
signal σ(t) satisfying an MDADT τak > 0 holds that

Nσk(T, t) ≤ N0k +
Tk(T, t)

τak
∀T ≥ t ≥ 0 (2)

where Nσk(T, t) stands for the switching numbers on the inter-
val [t, T ] if the kth subsystem is active, Tk(T, t) represents the
whole running time of the kth subsystem on the interval [t, T ],
and N0k > 0 is called the mode-dependent chatter bounds.

The control objective is to construct a switched command-
filtered-based adaptive fuzzy output-feedback funnel controllers
of subsystems for the switched nonlinear MIMO-delayed sys-
tems based on the multiple Lyapunov–Krasovskii functions such
that

1) all the closed-loop signals achieve semi-globally uni-
formly ultimate bounded under a category of switching
signals with MDADT for any bounded initial conditions,
and
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2) the tracking errors yi − yir for i = 1, 2, . . . , n converge
to the prespecified performance funnels under the given
reference signals yir.

Assumption 1: For i = 1, . . . , n, l = 1, . . . ,m, and k ∈ M,
the nonlinear functions filk(·) and hilk(·) can satisfy the
following inequalities f2ilk(x) ≤

∑n
j=1 F

2
ilj(xj), h

2
ilk(xτ ) ≤∑n

j=1H
2
ilj(xjτ ),whereFilj andHilj are unknown nonnegative

smooth functions satisfying Filj(0) = 0 and Hilj(0) = 0.
Assumption 2: The reference signals yir(t) for i =

1, 2, . . . , n and their derivatives y(1)ir (t), . . . , y
(n)
ir (t) are contin-

uous and bounded.
Remark 1: Assumption 1 is a general assumption that is

used to deal with the nonlinear time-delay terms. In fact,
for any continuous function hilk(x1τ , . . . , xnτ ) : Rn×m → R,
there exist positive smooth functionsHil1(x1τ ), . . . , Hiln(xnτ )
such that |hilk(xτ )| ≤

∑n
j=1Hilj(xjτ ), i.e., h2ilk(xτ ) ≤∑n

j=1H
2
ilj(xjτ ), which can be commonly found, such as in [7]

and [10].

B. Fuzzy Logic Systems

Fuzzy logic systems are one of the most popular approaches
to approximate unknown nonlinear continuous functions.
The knowledge base for the fuzzy logic system concludes a
collection of fuzzy IF–THEN rules described as Ri: If x̄1 is
F i1, x̄2 is F i2, . . ., and x̄n is F in, then ȳ is Gi, i = 1, . . . , �,
where x̄ = [x̄1, . . . , x̄n]

� and ȳ are the input and output of
the fuzzy logic system, respectively. F im for m = 1, . . . , n
and Gi are the fuzzy sets. � is the number of rules. According
to [6] and [31], the fuzzy logic system can be defined as
ȳ(x̄) =

∑�
i=1 ȳi

∏n
m=1 μF �m(x̄m)/

∑�
i=1[

∏n
m=1 μF �m(x̄m)],

where ȳi = maxy∈R μG�(ȳ). μF �m(x̄m) and μG�(ȳ) are the
fuzzy membership functions of F �m and G�, respectively.
Meanwhile, the fuzzy basic functions are denoted as si(x̄) =∏n
m=1 μF im(x̄m)/

∑�
i=1[

∏n
m=1 μF �m(x̄m)]. Define W� =

[ȳ1, ȳ2, . . . , ȳ�] = [W1,W2, . . . ,W�] and S(x̄) = [s1(x̄), . . . ,
s�(x̄)]

�. Finally, the fuzzy logic system can be described as
ȳ(x̄) =W�S(x̄).

Lemma 1 (See [1], [32]): If the function f̄(x̄) is continuous
and defined on a compact set Ω, then, for any positive constant
ϑ, a fuzzy logic system exists and satisfies supx̄∈Ω |f̄(x̄)−
W�S(x̄)| ≤ ϑ.

Based on Lemma 1, the continuous function f̄(x̄) can be
denoted as

f̄(x̄) =W ∗�S(x̄) + δ(x̄) (3)

where W ∗ demonstrates an ideal weight vector. δ(x̄) is the
error of approximation satisfying |δ(x̄)| ≤ δ∗ with any given
positive constant δ∗. For convenience, f̄(X) is described as
f̄(x̄) =W ∗�S + δ with

W ∗ = arg min
W∈R�

{
sup
x̄∈Ω

∣∣f̄(x̄)−W�S(x̄)
∣∣} . (4)

C. Funnel Control

The funnel control technique is utilized to deal with
the problem of the system control performance in [29].

Fig. 1. Schematic of the funnel control performance.

For i = 1, 2, . . . , n, the funnel controller is denoted as
ui(t) = Ξi(Fiψ(t), χi(t), ‖εiy(t)‖)εiy(t), where εiy(t) =
yi(t)− yir(t) is the tracking error, Fiψ(t) is the boundary of the
funnel, χi(t) is the scaling function, and Ξi(t) is a time-varying
gain.

Let ψi(t) be a continuous and bounded function satisfying
ψi(t) > 0, ∀t ≥ 0, and supt≥0 ψi(t) <∞. Then, Fiψ(t) is de-
noted as the reciprocal of ψi(t). To proceed, the funnel Fiψ(t)
belongs to the following compact set Fiψ(t) = {(t, εiy) ∈ R ×
Rm | ψi(t)‖εiy(t)‖ < 1}. In addition, define the vertical dis-
tance dχi(t) as dχi(t) = Fiψ(t)− ‖εiy(t)‖. The adjustable gain
Ξi(t) is denoted as Ξi(t) = χi(t)/dχi(t). If the tracking error
εiy(t) tends to the boundary Fiψ(t), then the gain Ξi(t) will
increase. Conversely, the gain Ξi(t) will decrease if the tracking
error εiy(t) is far from the boundary Fiψ(t). Based on [25],
Fiψ(t) is considered as follows:

Fiψ(t) =

⎧⎨
⎩
(
ρit0 − t

Tf

)
e

(
1− Tf

Tf−t
)
+ ρiTf , t ∈ [t0, Tf )

ρiTf , t ∈ [Tf ,+∞)

(5)

where for i = 1, 2, . . . , n, ρit0 ≥ 1, ρiTf > 0, and Tf > 0 are
the design constants. If the initial time is t0 = 0, then Fiψ(t0) =
ρit0 + ρiTf holds satisfying ‖εiy(t0)‖ < Fiψ(t0). To proceed,
Fiψ(t) approaches ρiTf in a finite timeTf (see Fig. 1 for details).
Thus, a state transformation for a funnel error is denoted as

zi1 =
εiy√

F 2
iψ − ε2iy

(6)

whose time derivative from (1) can be obtained as

żi1 = Γi1

(
ẋi1 − ẏir − εiyḞiψ

Fiψ

)
(7)

where Γi1 = F 2
iψ/(F

2
iψ − ε2iy)

3
2 is a positive function. The

flowchart of the funnel control is shown in Fig. 2.
Remark 2: In the referenced paper by Han and Lee [33], a

funnel error surface is given as ζ(t) = e(t)
Fψ(t)−||e(t)|| . It is note-

worthy that ζ(t) fails to be differentiable at the point e(t) = 0,
which does not align with the differentiability requirement of
backstepping techniques. This nondifferentiability may pose
challenges when integrating the funnel variable ξ1 within back-
stepping control frameworks. Unlike the nonsingular finite-time
sliding mode control [34], our funnel error surface does not
explicitly guarantee finite-time convergence to the origin in a
finite time Tf . Instead, it ensures that the error remains within
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Fig. 2. Flowchart of the funnel control.

a progressively narrowing funnel boundary, providing a form of
asymptotic performance rather than finite-time convergence.

III. MAIN RESULTS

By employing the multiple Lyapunov–Krasovskii functions,
this section will develop a switched-command-filtered-based
adaptive fuzzy output-feedback funnel control scheme for the
switched system (1) in the constructive design via the back-
stepping method. The analysis of stability will be shown in the
closed-loop switched system under MDADT.

A. Switched High-Gain MIMO State Observer Design

To estimate the unavailable states, a switched high-gain
MIMO state observer is considered as

˙̂xil = x̂i,l+1 + Lilσ(t)(yi − x̂i1) (8a)

˙̂xim = uiσ(t) + Limσ(t)(yi − x̂i1) (8b)

where l = 1, . . . ,m− 1, σ(t) is the same switching signal as
described in (1), and x̂il for l = 1, 2, . . . ,m is the estimate
of the system state xil. For k ∈ M and l = 1, 2, . . . ,m, Lilk
denote positive constants to be designed, such that the following
Hurwitz matrices hold:

Aik =

⎡
⎢⎣

−Li1k
... Im−1

−Limk 0 · · · 0

⎤
⎥⎦ .

where Im−1 is an (m− 1)-dimension identity matrix. In other
words, for definite symmetric matrices Qik, the symmetric
definite matrices Pik exists and satisfies

A�
ikPik + PikAik = −Qik. (9)

Let the error of the state observer be

εi = [εi1, . . . , εim]� = xi − x̂i ∈ Rm (10)

where x̂i = [x̂i1, . . . , x̂im]� is the estimation of the system state
xi for i = 1, . . . , n. To proceed, combining (1) with (8), one gets

ε̇i = Aikεi + fik(x) + hik(xτ ), k ∈ M (11)

where fi,k = [fi1k, . . . , fimk]
� ∈ Rm and hi,k = [hi1k, . . . ,

himk]
� ∈ Rm. As a matter of convenience, the unknown ideal

values are expressed as

θ∗il = max {‖W ∗
ilk‖, k ∈ M} (12)

where l = 0, 1, . . . ,m,W ∗
ilk stands for the ideal constant weight

vector. Meanwhile, θ̃il is the estimation error satisfying θ̃il =
θ∗il − θ̂il, and θ̂il is the estimation of θ∗il. The following lemma
is provided first to facilitate the proof of the main theorem.

Lemma 2: For the observer error system (11), let the
Lyapunov function candidate be

Vi0k = �iε
�
i Pikεi, i = 1, . . . , n, k ∈ M. (13)

Then, V̇i0k satisfies

V̇i0k ≤ −�i(λ(Qik)− 2ri0e
βτ )‖εi‖2 +Θi0k − f̄i0k(X0)

+
�ie

−βτ

ri0
‖Pik‖2

m∑
l=1

n∑
j=1

(F 2
ilj(xj) +H2

ilj(xjτ )) (14)

where �i is a positive parameter, λ(Qik) stands for the smallest
eigenvalue of the matrix Qik, and Θi0k is an unknown constant
with Θi0k = θ∗i0 + δ∗i0.

Proof: By using (9) and (11), one gets V̇i0k satisfied by

V̇i0k = −�iε�i Qikεi + 2�iε
�
i Pik(fik(x) + hik(xτ )). (15)

In what follows, the inequalities are determined by the definition
of Young’s inequality

2�iε
�
i Pikfik(x) ≤ �iri0e

βτ‖εi‖2

+
�ie

−βτ

ri0
‖Pik‖2

m∑
l=1

n∑
j=1

F 2
ilj(xj) (16)

2�iε
�
i Pikhik(xτ ) ≤ �iri0e

βτ‖εi‖2

+
�ie

−βτ

ri0
‖Pik‖2

m∑
l=1

n∑
j=1

H2
ilj(xjτ ) (17)

where β and ri0 are the positive parameters. Suppose that the
unknown continuous function is f̄i0k(Xi0). Further, combining
(3), (12), and Lemma 1 yields

f̄i0k(Xi0) ≤ ‖W ∗�
i0kSi0(Xi0)‖+ |δi0k| ≤ θ∗i0 + δ∗i0. (18)

Then, substituting (16)–(18) into (15), one gets (14). The proof
of Lemma 2 has been completed. �

B. Design of Output-Feedback Funnel Controllers

For system (1), define the following coordinate transforma-
tion:

zil = x̂il − ᾱil(·), l = 2, . . . ,m (19)

where ᾱil(·) is the output of switched command filter. The
adaptive backstepping control design is based on (6) and (19).
Inspired by [35], the switched command filter is designed as

ϕ̇il1 = �ikϕil2 (20a)

ϕ̇il2 = −2ζik�ikϕil2 −�ik(ϕil1 − αil) (20b)
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where ᾱi,l+1 = ϕil1, αil is the input of the filter for l =
1, 2, . . . ,m− 1, �ik and ζik for k ∈ M are the positive con-
stants satisfying ζik ∈ (0, 1].

To compensate for the error produced from ᾱi,l+1 and αil for
i = 1, . . . , n and l = 1, . . . ,m− 1, the compensating signals ξil
for l = 1, . . . ,m are designed as

ξ̇i1 = − c̄i1ξi1 + Γi1(ξi2 + ᾱi2 − αi1 − di1sign(ξi1))
(21a)

ξ̇i2 = − c̄i2ξi2 − Γi1ξi,1 + ξi,3 + ᾱi,3

− αi2 − di2sign(ξi2) (21b)

ξ̇il = − c̄ilξil − ξi,l−1 + ξi,l+1 + ᾱi,l+1

− αil − dilsign(ξil), l = 3, . . . , n− 1 (21c)

ξ̇im = − c̄imkξim − ξi,m−1 (21d)

where c̄il, c̄imk, and dil are some positive constants for i =
1, . . . , n, k ∈ M, and l = 1, . . . ,m− 1. To proceed, define the
error variables of compensating signals as

ωil = zil − ξil, l = 1, . . . ,m. (22)

The detailed design process of the control scheme is shown in
the following steps.

Initial step: Based on (7) and (22), the dynamics of ωi1 can
be obtained as follows:

ω̇i1 = Γi1

(
ẋi1 − ẏir − εiyḞiψ

Fiψ

)
− ξ̇i1. (23)

Construct the Lyapunov function candidate as

Vi1k = Vi0k +
1

2
ω2
i1 +

1

2�i1
θ̃2i1, k ∈ M (24)

where �i1 is a positive constant. To proceed, based on (1), (10),
(23), and (24), one gets

V̇i1k

= V̇i0k − 1

�i1
θ̃i1

˙̂
θi1 + Γi1ωi1

[
ωi2 + ξi2 + ᾱi2 + εi2 − ẏir

+ fi1k(x) + hi1k(xτ )− εiyḞψ
Fψ

]
− ωi1ξ̇i1. (25)

By utilizing Young’s inequality, one has

Γi1ωi1εi2 ≤ e−βτ

4�iri0
Γ2
i1ω

2
i1 + �iri0e

βτ‖εi‖2 (26)

Γi1ωi1fi1k(x) ≤ ri1e
βτ

2
Γ2
i1ω

2
i1 +

e−βτ

2ri1

n∑
j=1

F 2
i1j(xj) (27)

Γi1ωi1hi1k(xτ ) ≤ ri1e
βτ

2
Γ2
i1ω

2
i1 +

e−βτ

2ri1

n∑
j=1

H2
i1j(xjτ )

(28)

Γi1ωi1di1sign(ξi1) ≤ ri1e
βτΓ2

i1ω
2
i1 +

e−βτ

4ri1
d2i1 (29)

where ri1 is a positive parameter. Then, f̄i1(Xi1) = ( e
−βτ

4�iri0
+

2ri1e
βτ )Γ2

i1ωi1 − Γi1(ẏir +
εiyḞiψ
Fiψ

) is denoted as the uncertain

continuous function with Xi1 = [ωi1, xi1, yir, ẏir]
�. Based on

(3) and (4), a fuzzy logic system is introduced as

f̄i1k(Xi1) =W ∗�
i1kSi1 + δi1k (30)

where δi1k is the approximation error with |δi1k| < δ∗i1 and δ∗i1is
a positive parameter. Based on (12), (30), and Lemma 1, one gets

ωi1f̄i1k(Xi1) = ωi1W
∗�
i1kSi1 + ωi1δi1k

≤ 1

2a2i1
ω2
i1θ

∗
i1S

�
i1Si1 +

1

2
a2i1 +

1

2
ω2
i1 +

1

2
δ∗2i1 (31)

where ai1 is a positive constant. Then, the virtual controller input

αi1 and the adaptive law ˙̂
θi1 are considered as

αi1 = −Γ−1
i1

[
c̄i1zi1 +

1

2a2i1
ωi1θ̂i1S

�
i1Si1

]
(32)

˙̂
θi1 =

�i1
2a2i1

ω2
i1S

�
i1Si1 − γi1θ̂i1 (33)

where γi1 is a positive parameter. Combining (25)–(33) induces

V̇i1k ≤ − �i(λ(Qik)− 3ri0e
βτ )‖εi‖2 + γi1

�i1
θ̃i1θ̂i1

− ci1ω
2
i1 + Γi1ωi1ωi2 +Θi1k − f̄i0k(X0)

+
�ie

−βτ

r0
‖Pik‖2

m∑
l=1

n∑
j=1

(F 2
ilj(xj) +H2

ilj(xjτ ))

+
e−βτ

2ri1

n∑
j=1

(F 2
i1j(xj) +H2

i1j(xjτ )) (34)

where ci1 = c̄i1 − 1
2 and Θi1k = Θi0k +

e−βτ
4ri1

d2i1 +
1
2a

2
i1 +

1
2δ

∗2
i1 .
Inductive Step (2 ≤ l ≤ m− 1) : Based on (8), (19), and

(22), one gets the following dynamics of ωil as

ω̇il = zi,l+1 + ᾱi,l+1 + Lilkεi1 − ˙̄αil − ξ̇il.

The Lyapunov function can be constructed by

Vilk = Vi,l−1,k +
1

2
ω2
il +

1

2�il
θ̃2il (35)

where �il is a positive constant. Furthermore, it is deduced that

V̇ilk = ωil[ωi,l+1 + Lilkεi1 + ξi,l+1 + ᾱi,l+1 − ˙̄αil − ξ̇il]

+ V̇i,l−1,k − 1

�il
θ̃il

˙̂
θil. (36)

Utilizing Young’s inequality, one has

ωildilsign(ξil) ≤ rile
βτω2

il +
e−βτ

4ri1
d2il (37)

where ril is a positive parameter. Similar to the initial step, the
uncertain functions are considered as f̄ilk(Xil) = Lilkεi1 −
˙̄αil + rile

βτωil with Xil = [xi1, yir, y
(1)
ir , . . . , y

(l−1)
ir , θ̂i1,

. . . , θ̂i,l−1, x̂i1, . . . , x̂il, ωi1, . . . , ωil]
�. Based on (3) and (4),

the uncertain functions f̄ilk(Xil) also can be determined by a
fuzzy logic system satisfying

f̄ilk(Xil) =W ∗�
ilkSil + δilk (38)
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where the error of approximation δilk is satisfied by |δilk| <
δ∗il with a positive parameter δ∗il. Based on Lemma 1, Young’s
inequality, (12), and (38), one has

ωilf̄ilk(Xil) = ωilW
∗�
ilkSil + ωilδilk

≤ 1

2a2il
ω2
ilθ

∗
ilS

�
ilSil +

1

2
a2il +

1

2
ω2
il +

1

2
δ∗2il (39)

where ail is a positive designed parameter. Meanwhile, the

virtual controller input αil and the adaptive laws ˙̂
θil can be

considered as

αil = −c̄ilzil − zi,l−1 − 1

2a2il
ωilθ̂ilS

�
ilSil (40)

˙̂
θil =

�il
2a2il

ω2
ilS

�
ilSil − γilθ̂il (41)

where γil is a positive constant, and αi2 = −c̄i2zi2 − Γi1zi,1 −
1

2a2i2
ωi2θ̂i2S

�
i2Si2. Substituting (38)–(41) into (36) yields

V̇ilk ≤ − �i(λ(Qik)− 3ri0e
βτ )‖εi‖2 + ωilωi,l+1 +Θilk

+

l∑
q=1

(
γiq
�iq

θ̃iq θ̂iq − ciqω
2
iq

)
− f̄i0k(X0)

+
�ie

−βτ

r0
‖Pik‖2

m∑
l=1

n∑
j=1

(F 2
ilj(xj) +H2

ilj(xjτ ))

+
e−βτ

2ri1

n∑
j=1

(F 2
i1j(xj) +H2

i1j(xjτ )) (42)

where cil = c̄il − 1
2 and Θilk = Θi,l−1,k +

e−βτ
4ri1

d2il +
1
2a

2
il +

1
2δ

∗2
il .
Step m: Based on (8), (19), and (22), one also gets the

following dynamics of ωim as:

ω̇im = uik + Limkεi1 − ˙̄αim − ξ̇im.

Let the Lyapunov function candidate be

Vimk = Vi,m−1,k +
1

2
ω2
im +

1

2�im
θ̃2im (43)

where �im is a positive constant. Then, it is deduced that

V̇imk = ωil[uik + Limkεi1 − ˙̄αim − ξ̇im]

+ V̇i,m−1,k − 1

�im
θ̃im

˙̂
θim. (44)

Utilizing Young’s inequality induces

ωimdimsign(ξim) ≤ rime
βτω2

im +
e−βτ

4rim
d2im (45)

where rim is a positive parameter. To proceed, f̄imk(Xim)

=Limkεi1− ˙̄αim+rime
βτωim with Xim = [xi1, yir, y

(1)
ir , . . . ,

y
(m−1)
ir , θ̂i1, . . . , θ̂i,m−1, x̂i1, . . . , x̂im]�.

Based on (3) and (4), a fuzzy logic system is given by

f̄imk(Xil) =W ∗�
imkSim + δimk (46)

where δimk is the error of approximation and a positive constant
δ∗im is satisfied by |δimk| < δ∗im. By using Young’s inequality,
Lemma 1, (12), and (46), one can obtain

ωimf̄imk(Xim) = ωimW
∗�
imkSim + ωimδimk

≤ 1

2a2im
ω2
imθ

∗
imS

�
imSim +

1

2
a2im +

1

2
ω2
im +

1

2
δ∗2im (47)

where aim is a positive parameter. Then, the actual controller

input uik and the adaptive laws ˙̂
θim can be determined as

uik = −c̄imkzim − zi,m−1 − 1

2a2im
ωimθ̂imS

�
imSim (48)

˙̂
θim =

�im
2a2im

ω2
imS

�
imSim − γimθ̂im (49)

where γim is a positive constant. Combining (44)–(49) yields

V̇imk ≤ − �i(λ(Qik)− 3ri0e
βτ )‖εi‖2 +Θimk − f̄i0k(X0)

+
�ie

−βτ

r0
‖Pik‖2

m∑
l=1

n∑
j=1

(F 2
ilj(xj) +H2

ilj(xjτ ))

+
e−βτ

2ri1

n∑
j=1

(F 2
i1j(xj) +H2

i1j(xjτ ))

+

m∑
q=1

(
γiq
�iq

θ̃iq θ̂iq − ciqω
2
iq

)
(50)

where cim = mink∈M{c̄imk − 1
2} and Θimk = Θimk +

e−βτ
4rim

d2im + 1
2a

2
im + 1

2δ
∗2
im.

C. Stability Analysis

First of all, for notational convenience, define

μk = min

{
�i(λ(Qik)− 3ri0e

βτ )

λ̄ (Pik)
, 2ciq, γiq, β, 2c̄iq,

i = 1, . . . , n, q = 1, . . . ,m, k ∈ M

}
(51)

υk = max

{
λ̄(Pik)

λ(Pip)
, i = 1, . . . , n, k, p ∈ M

}
(52)

where λ̄(Pik) (λ(Pik)) refers to the largest (smallest) eigen-
value of the matrix Pik, respectively. Obviously, the inequalities
�i(λ(Qik)− 3ri0e

βτ ) > 0, i = 1, . . . , n, q = 1, . . . ,m, k ∈ M
holds by suitably selectingQik, �i, ri0 and β. Then, μk > 0 and
υk ≥ 1 are the two designed parameters.

Theorem 1: Consider the switched nonlinear MIMO-delayed
system (1) satisfying Assumptions 1 and 2. The adaptive fuzzy
output feedback funnel controllers (48) with the switched state
observer (8), the switched command filter (20), the virtual
controllers (32), (40), and the adaptive laws (33), (41), (49)
can ensure all the closed-loop signals achieve semiglobally
uniformly ultimate bounded; then the tracking errors yi − yir for
i = 1, . . . , n converge to the prespecified performance funnels
under a category of switching signals with MDADT. The block
diagram of the proposed control scheme is depicted in Fig. 3 .
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Fig. 3. Block diagram of the proposed control scheme.

Proof: The proof consists of two parts to analyze the bound-
edness of all signals in the closed-loop system. In part 1), the
semiglobal stability is verified for the switched system with a
category of switching signals satisfying MDADT. In part 2), the
output tracking errors are verified to converge to the prespecified
performance funnels.

1) To analyze the stability of the compensating signal (21),
let the Lyapunov function candidate be

Viξ =
1

2

m∑
q=1

ξ2iq (53)

and calculate its time derivative. Then, one has

V̇iξ = −
m∑
q=1

c̄iqξ
2
iq +

m−1∑
q=1

Γiq

[
(ᾱi,q+1 − αiq)ξiq − diq|ξiq|

]

(54)

where c̄im = mink∈M{c̄imk} and Γiq = 1 for q = 2, . . . ,m−
1. Similar to those in [35], |ᾱi,q+1 − αiq| ≤ α∗

iq can be ap-
proached in a finite time with known constants α∗

iq for i =
1, . . . , n and q = 2, . . . ,m− 1. To proceed, by selecting ap-
propriate parameters diq ≥ α∗

iq , it yields

V̇iξ ≤ −
m∑
q=1

c̄iqξ
2
iq +

m−1∑
q=1

Γiq

(
α∗
iq|ξiq| − diq|ξiq|

)

≤ −
m∑
q=1

c̄iqξ
2
iq. (55)

Here, based on (13), (24), (35), (43), and (53), the following
multiple Lyapunov–Krasovskii functions are constructed by

Vk(X) =

n∑
i=1

(Vimk(Xi) + ViLK + Viξ), k ∈ M (56)

where X = [X�
1 , . . . , X

�
n ]

�, Xi = [ε�i , ωi1, . . . ,
ωim, θ̃i1, . . . , θ̃im, ξi1, . . . , ξim]�, and ViLK =
e−βt
1−τ̄

∑n
j=1

∫ t
t−τj(t) e

βsνj(xj(s))ds with νj(xj) =
�i
r0
‖Pik‖2

∑m
l=1H

2
ilj(xj) +

1
2ri1

H2
i1j(xj). In addition, it

induces

V̇k ≤
n∑
i=1

[
− �i(λ(Qik)− 3ri0e

βτ )‖εi‖2 +Θimk − f̄i0k(X0)

+
�ie

−βτ

r0
‖Pik‖2

m∑
l=1

n∑
j=1

F 2
ilj(xj)− βViLK

+
e−βτ

2ri1

n∑
j=1

F 2
i1j(xj) +

m∑
q=1

(
γiq
�iq

θ̃iq θ̂iq − ciqω
2
iq

)

+

n∑
j=1

1

1− τ̄
νj(xj)−

m∑
q=1

c̄iqξ
2
iq

]
. (57)

To proceed, denote the function f̄i0k(X0), k ∈ M as

f̄i0k(X0) =
�ie

−βτ

r0
‖Pik‖2

m∑
l=1

F 2
ilj(xj) +

e−βτ

2ri1
F 2
i1j(xj)

+
1

1− τ̄
νj(xj). (58)

Furthermore, the term γiq
�iq
θ̃iq θ̂iq from (57) satisfies

�iq
�iq

θ̃iq θ̂iq ≤ �iq
2�iq

θ∗2iq − �iq
2�iq

θ̃2iq (59)

where θ̂iq = θ∗iq − θ̃iq . According to (57)–(59), one has

V̇k ≤
n∑
i=1

[
− �i(λ(Qik)− 3ri0e

βτ )‖εi‖2 − βViLK +Θi

−
m∑
q=1

(
γiq
2�iq

θ̃2iq + ciqω
2
iq + c̄iqξ

2
iq

)]

≤ − μkVk +Θ (60)

where Θ =
∑n
i=1 Θi =

∑n
i=1(Θimk +

∑m
q=1

�iq
2�iq

θ∗2iq ). It is

clear that if the function κ(·) ∈ K∞ exists, the following in-
equality holds:

Vk(X) ≥
n∑
i=1

[
�iε

�
i Pikεi +

m∑
q=1

(
1

2
ω2
iq +

1

2�iq
θ̃2iq +

1

2
ξ2iq

)]

≥ κ(‖X‖). (61)

Moreover, it can be verified from (56) that

ViLK ≤ e−βt

1− τ̄

n∑
j=1

∫ 0

−τj(t)
eβ(t+s)νj(xj(t+ s))d(t+ s)

≤ e−βt

1− τ̄

n∑
j=1

sup
−τj(t)<s<0

τj(t)e
β(t+s)νj(xj(t+ s)).

(62)

Meanwhile, concerned with a function κ(·) ∈ K∞, one gets

Vk(X) ≤ sup
−τj(t)≤s≤0

n∑
i=1

[
�iεi(t+ s)�Pikεi(t+ s)+

m∑
q=1

(
1

2
ω2
iq(t+ s)+

1

2�iq
θ̃2iq(t+ s)+

1

2
ξ2iq(t+s)

)]

≤ κ( sup
−τ≤s≤0

‖X(t+ s)‖). (63)
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Thus, based on (61) and (63), two functions κ(·), κ(·) ∈ K∞
satisfy

κ(‖X‖) ≤ Vk(X) ≤ κ( sup
−τ≤s≤0

‖X(t+ s)‖). (64)

According to the definition (52), one can obtain

Vk(X) ≤ υkVp(X) ∀k, p ∈M. (65)

Let the initial time be t0 = 0. Let the each switching time
be t1, . . . , tj , tj+1, . . . , tNσ(T,0) on the instant [0, T ] with

Nσ(T, 0) =
∑M̄
k=1Nσk(T, 0), k ∈ M. Consider the following

function:

Φ(t) = eμσ(t)tVσ(t)(X(t)). (66)

Based on (60) and (66), one gets Φ̇(t) ≤ Θeμσ(t)t. On some
instant [tj , tj+1), it implies from (65) that

Φ(tj+1) = eμσ(tj+1)tj+1Vσ(tj+1) (X (tj+1))

≤ υσ(tj+1)e
μσ(tj+1)tj+1Vσ(tj) (X (tj+1))

= υσ(tj+1)e

(
μσ(tj+1)−μσ(tj)

)
tj+1Φ(t−j+1)

≤ υσ(tj+1)e

(
μσ(tj+1)−μσ(tj)

)
tj+1

(
Φ(tj) +

∫ tj+1

tj

Θeμσ(tj)tdt

)

≤ υσ(tj+1)e

(
μσ(tj+1)−μσ(tj)

)
tj+1

[
υσ(tj)e

(
μσ(tj)−μσ(tj−1)

)
tj

×
(
Φ(tj−1) +

∫ tj

tj−1

Θeμσ(tj−1)tdt

)
+

∫ tj+1

tj

Θeμσ(tj)tdt

]

≤
j∏
l=0

υσ(tl+1)e
∑j
l=0

(
μσ(tl+1)−μσ(tl)

)
tl+1Φ(t0)

+

j∑
s=0

( j∏
l=s

υσ(tl+1)e
∑j
l=s

(
μσ(tl+1)−μσ(tl)

)
tl+1

×
∫ ts+1

ts

Θeμσ(ts)tdt

)
. (67)

On the instant [0, T ], iterating the inequality (67) from l = 0 to
l = Nσ(T, 0)− 1, it induces

Φ(T−) ≤ Φ(tNσ(T,0)) +

∫ T

tNσ(T,0)

Θe
μσ(tNσ(T,0))

t
dt

≤
Nσ(T,0)−1∏

l=0

υσ(tl+1)e
∑Nσ(T,0)−1
l=0

(
μσ(tl+1)−μσ(tl)

)
tl+1Φ(t0)

+

Nσ(T,0)−1∑
s=0

[
Nσ(T,0)−1∏

l=s

υσ(tl+1)

∫ ts+1

ts

Θeμσ(ts)tdt

× e
∑Nσ(T,0)−1
l=s

(
μσ(tl+1)−μσ(tl)

)
tl+1

]

+

∫ T

tNσ(T,0)

Θe
μσ(tNσ(T,0))

t
dt. (68)

Based on (66) and (68), one has

Vσ(T−)(X(T ))

≤
M̄∏
k=1

υ
Nσk(T,0)
k Vσ(0)(X(0))

× e
−∑M̄

k=1[μk
∑
s∈Ψ(k)(ts+1−ts)]−μσ(tNσ(T,0))

(T−tNσ(T,0))

+

Nσ(T,0)−1∑
s=0

[
Nσ(T,0)−1∏

l=s

υσ(tl+1)

× e
∑Nσ(T,0)−1
l=s

(
μσ(tl+1)−μσ(tl)

)
tl+1−μσ(tNσ(T,0))

T+μσ(ts)ts+1

× e−ηmints+1

∫ ts+1

ts

Θeηmintdt

]

+ e−ηminT

∫ T

tNσ(T,0)

Θeηmintdt

≤ e
∑M̄
k=1N0k lnυke

∑M̄
k=1

Tk
τak

lnυk−
∑M̄
k=1 μkTkVσ(0)(X(0))

+

Nσ(T,0)−1∑
s=0

[
M̄∏
k=1

υ
Nσk(T,ts+1)
k e−

∑M̄
k=1 μkTk(T,ts+1)

× e−ηmints+1

∫ ts+1

ts

Θeηmintdt

]

+ e−ηminT

∫ T

tNσ(T,0)

Θeηmintdt (69)

where Ψ(k) is the set of s satisfying σ(ts) = k with ts ∈
{t0, t1, . . . , tj , tj+1, . . . , tNσ−1} and ηmin = min{ηk, k ∈ M}
with ηk ∈ (0, μk − lnυk

τak
). By utilizing τak ≥ lnυk

μk
, for any

ηk ∈ (0, μk − lnυk
τak

), one obtains τak ≥ lnυk
μk−ηk . Based on

Definition 1, it yields Nσk(T, t) ≤ N0k +
(μk−ηk)Tk(T,t)

lnυk
,

which implies that

υ
Nσk(T,ts+1)
k ≤ υN0k

k e(μk−ηk)Tk(T,ts+1). (70)

Together with (69) and (70), one gets

Vσ(T−)(X(T ))

≤ e
∑M̄
k=1N0k lnυke

∑M̄
k=1

(
lnυk
τak

−μk
)
TkVσ(0)(X(0))

+

Nσ(T,0)−1∑
s=0

[
M̄∏
k=1

υN0k
k e−ηmin(T−ts+1)

× e−ηmints+1

∫ ts+1

ts

Θeηmintdt

]

+ e−ηminT

∫ T

tNσ(T,0)

Θeηmintdt

≤ e
∑M̄
k=1N0k lnυke

∑M̄
k=1

(
lnυk
τak

−μk
)
TkVσ(0)(X(0))
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+

M̄∏
k=1

υN0k
k e−ηminT

∫ T

0

Θeηmintdt

≤ e
∑M̄
k=1N0k lnυke

maxk∈M

(
lnυk
τak

−μk
)
T
Vσ(0)(X(0))

+

M̄∏
k=1

υN0k
k

Θ

ηmin
(71)

which implies for any T > 0 that

κ(‖X(T )‖) ≤ e
∑M̄
k=1N0k lnυke

maxk∈M

(
lnυk
τak

−μk
)
T

×κ̄( sup
−τ≤s≤0

‖X(s)‖) +
M̄∏
k=1

υN0k
k

Θ

ηmin
. (72)

Therefore, it can be concluded by (71) that if the MDADT
satisfies τak ≥ lnυk

μk
for k ∈ M, εil, ωil, θ̃il, and ξil for i =

1, . . . , n and l = 1, . . . ,m are bounded for any bounded ini-
tial values. According to the definition of θ̃il for i = 1, . . . , n
and l = 1, . . . ,m, one can know that θ̂il are bounded. Based
on (22), zil for i = 1, . . . , n and l = 1, . . . ,m are bounded.
Then, through (32), (40), and (48), one gets αil and uik for
i = 1, . . . , n, l = 1, . . . ,m− 1, and k ∈ M are bounded. Next,
based on the switched command filter (20), signals ᾱil and ˙̄αil
for i = 1, . . . , n and l = 2, . . . ,m are bounded. Based on (19),
x̂il for i = 1, . . . , n and l = 2, . . . ,m are bounded. According to
(5), (6), (10), it yields that xil for i = 1, . . . , n and l = 1, . . . ,m
are also bounded. Hence, for k ∈ M, all the signals in the
closed-loop system are bounded under a category of switching
signals with MDADT satisfying τak ≥ lnυk

μk
.

2) In what follows, based on (56) and (72), one has

1

2
ω2
i1(T ) ≤ e

∑M̄
k=1N0k lnυke

maxk∈M

(
lnυk
τak

−μk
)
T

×κ̄( sup
−τ≤s≤0

‖X(s)‖) +
M̄∏
k=1

υN0k
k

Θ

ηmin
. (73)

Then, together with τak ≥ lnυk
μk

and the definitions in (6), (22),
and (73), one has

ε2iy(T )

F 2
iψ(T )− ε2iy(T )

≤ 4

(
e
∑M̄
k=1N0k lnυk κ̄( sup

−τ≤s≤0
‖X(s)‖)

+

M̄∏
k=1

υN0k
k

Θ

ηmin

)
+ 2‖ξi1(T )‖2. (74)

According to (53) and (55), one gets

Viξ(t) =
1

2

m∑
q=1

ξ2iq ≤ Viξ(0)e
−c̄it (75)

where c̄i = 2min{c̄iq, q = 1, . . . ,m}. Based on (5), (74), and
(75), it yields

lim
t→∞ ε

2
i1(t) = lim

t→∞ |yi(t)− yir(t)|2 ≤ ε2i

where ε2i = [4(e
∑M̄
k=1N0k lnυk κ̄(sup−τ≤s≤0 ‖X(s)‖) +∏M̄

k=1 υ
N0k
k

Θ
ηmin

)]/[1 + 4(e
∑M̄
k=1N0k lnυk κ̄(sup−τ≤s≤0

‖X(s)‖) +∏M̄
k=1 υ

N0k
k

Θ
ηmin

)]ρ2iTf . Thus, the tracking errors
yi(t)− yir(t) for i = 1, . . . , n can stay within the prespecified
performance funnels by suitably selecting Qik, �i, ri0, β, and
dil for i = 1, . . . , n, l = 1, . . . ,m, and k ∈ M. The proof has
been completed. �

Remark 3: A detailed guideline from Step 1) to Step 5) is
provided to elucidate the design of parameters for the proposed
output-feedback funnel control strategy as follows.

1) Set initial conditions and funnel boundary parametersρit0 ,
ρiTf , Tf satisfying ||εiy(t0)|| < Fiψ(t0).

2) Select the proper parameters Lilk, such that the matrices
Aik are Hurwitz for i = 1, . . . , n, l = 1, . . . ,m and k ∈
M. Then, after specifying the symmetric matrices Qik >
0, the symmetric matrices Pik > 0 can be calculated by
solving (9).

3) Decide the number of fuzzy IF–THEN rules and fuzzy
basic functions, then determine the fuzzy logic systems
(3).

4) Select suitable controller design parameters �ik, ζik, c̄il,
c̄imk, dil, �il, ail, and γil for i = 1, . . . , n, l = 1, . . . ,m
and k ∈ M, and then determine the controllers (32), (40),
and (48) with the adaptive laws (33), (41), and (49).

5) Determine the designed parameters of MDADT withμk >
0 in (51) and υk ≥ 1 in (52).

Remark 4: Although backstepping control, dynamic surface
control, and funnel control all aim to stabilize nonlinear sys-
tems and achieve desired tracking performance, they differ
significantly in their methodologies and performance guaran-
tees. Backstepping control and dynamic surface control focus
on a recursive design with dynamic surface control mitigating
complexity issues in [9], [15], and [36], whereas funnel control
emphasizes maintaining the error within a predefined boundary,
offering a unique approach to guarantee performance.

Remark 5: It is worth pointing out that, for non-switched
nonlinear systems, some adaptive control strategies have been
developed in [16], [21], and [22] via backstepping control or dy-
namic surface control. However, these existing adaptive control
schemes for nonswitched nonlinear systems cannot be directly
applied to improve the requirements in the transient and the
steady-state performance of switched nonlinear MIMO-delayed
systems within the complexity caused by time delays and subsys-
tem switching. Hence, to overcome this conservativeness, this
article has proposed the funnel control method for switched non-
linear MIMO-delayed systems. Meanwhile, the funnel control
method offers robust transient performance by quickly reducing
the error within a shrinking boundary [24], [25]. It ensures stable
and predictable steady-state performance by confining the error
within a predefined small bound.

IV. CASE STUDIES

This section provides two case studies to show the effective-
ness and flexibility of the proposed fuzzy output-feedback fun-
nel control strategy on the switched nonlinear MIMO-delayed
systems.

Example 1: Two inverted pendulums over the controller area
network with time-varying delays in the transmission of their
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Fig. 4. Schematic of two inverted pendulums over the controller area network.

measurements are considered via the switching control. Based
on [37] and [38], the dynamics of the two inverted pendulums
is defined as

ẋ11 = x12 (76a)

ẋ12 =

(
m̃1 gr̃

J1
− h̃r̃2

4J1

)
sin(x11(t− τ1(t))) +

h̃r̃

2J1
(l̄ − b̃)

+
u1σ(t)

J1
+
h̃r̃2

4J1
sin(x21(t− τ2(t))) (76b)

ẋ21 = x22 (76c)

ẋ22 =

(
m̃2 gr̃

J2
− h̃r̃2

4J2

)
sin(x21(t− τ2(t)))− h̃r̃

2J2
(l̄ − b̃)

+
u2σ(t)

J2
+
h̃r̃2

4J2
sin(x12) (76d)

where σ(t) → {1, 2}, x11 and x21 are the angular displacements
of the left and right pendulum from vertical, respectively, x12
and x22 stand for the angular rates of the left and right pendulum
from vertical, respectively, m̃1 and m̃2 represent the pendulum
end masses, J1 and J2 stand for the moments of inertia, g is the
gravity coefficient, r̃ represents the pendulum height, h̃ is the
spring constant of the connecting spring, l̄ stands for the natural
length of the spring, and b̃ represents the distance between the
pendulum hinges (see Fig. 4 for details). Then, the switched
MIMO high-gain state observer is constructed as

˙̂xi1 = x̂i2 + Li1σ(t)(yi − x̂i1) (77a)

˙̂xi2 = uiσ(t) + Li2σ(t)(yi − x̂i1) (77b)

and the parameters are chosen as Li11 = 100, Li21 = 100,
Li12 = 80, and Li22 = 80 such that Ai1 and Ai2 are Hurwitz
matrices. To proceed, one selectsQi1 = 6I2 andQi2 = 5I2 with
I2 = diag{1, 1}. Meanwhile, the symmetric positive definite
matrices are

Pi1 =

[
3.03 −3.00

−3.00 3.03

]
, Pi2 =

[
2.53 −2.50

−2.50 2.53

]
satisfying (9). Then, the relevant control information is designed
as

αi1 = −Γ−1
i1

[
c̄i1zi1 +

1

2a2i1
ωi1θ̂i1S

�
i1Si1

]
(78)

Fig. 5. (a) System output y1, reference signal y1r , system state x12, and
estimated states x̂11 and x̂12. (b) System output y2, reference signal y2r , system
state x22, and estimated states x̂21 and x̂22 (Example 1).

Fig. 6. Output tracking error. (a) ε1y and (b) ε2y in the prespecified perfor-
mance funnel (Example 1).

˙̂
θil =

�il
2a2il

ω2
ilS

�
ilSil − γilθ̂il, i = 1, 2 (79)

uik = −c̄i2kzi2 − zi,1 − 1

2a2i2
ωi2θ̂i2S

�
i2Si2. (80)

In Example 1, the parameters from the system (76)
are selected as m̃1 = 2 kg, m̃1 = 2.5 kg, J1 = J2 = 1 kg,
g = 9.8m/s2, r̃ = 0.5m, h̃ = 100N/m, l̄ = 0.5 kg, τ1(t) =
τ2(t) = 0.01(1 + sin(t)2), and b̃ = 0.4m. The design param-
eters are taken as ci1 = 500, ci21 = 500, ci22 = 480, ail =
10, �il = 50, γil = 10, ζi1 = 0.9, ζi2 = 1, �i1 = 1300, �i2 =
1500, dil = 0.1, �i = 20, β = 20, and ri0 = 2 for i = 1, 2 and
l = 1, 2. Then, it can be obtained by (51) and (52) that μ1 =
10.01, υ1 = 200, μ2 = 8.02, and υ2 = 160. The parameters
of funnels are chosen as ρit0 = 2, ρiTf = 0.3, and Tf = 2 for
i = 1, 2. Based on Theorem 1, it can be concluded that all the sig-
nals in the closed-loop system are bounded under a category of
switching signals with MDADT satisfying τa1 = 0.53 ≥ lnυ1

μ1

and τa2 = 0.64 ≥ lnυ2
μ2

.
The initial vectors are provided as [x11(t0), x12(t0),

x21(t0), x22(t0)]
�=[1.5, 0.2, 1.1, 0.1]�, [x̂11(t0), x̂12(t0),x̂21

(t0), x̂22(t0)]
� = [0.1, 0.2, 0.1, 0.4]�, θ̂11(t0) = 5, θ̂12(t0) =

3, θ̂21(t0) = 2, θ̂22(t0) = 5, ξi1(t0) = 0, ξi2(t0) = 0,
ϕi11(t0) = 0, and ϕi12(t0) = 0 for t0 ∈ [−0.02, 0]. The
reference signals are y1r = 0.2 sin(3t) + 0.5 cos(0.5t) and
y2r = 0.5 sin(t). Simulation results are described in Figs. 5 –7
. It is clear that, observed from the figures, all the signals in the
closed-loop switched system are bounded. Besides, the output
tracking errors yi − yir (i = 1, 2) converge to the pre-specified
performance funnels with MDADT.
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Fig. 7. (a) Adaptive laws θ̂11, θ̂12, θ̂21, and θ̂22. (b) Switching signal σ(t)
(Example 1).

Example 2: The switched nonlinear MIMO-delayed systems
is considered as

ẋi1 = xi2 + fi1σ(t)(x) + hi1σ(t)(xτ ) (81a)

ẋi2 = uiσ(t) + fi2σ(t)(x) + hi2σ(t)(xτ ) (81b)

where i = 1, 2, σ(t) → {1, 2}, f111 = x11 sin(x21x12), h111 =
0.1 sin(x11τx22τ ), f121 = x11e

0.1 sin(x11), h121 = x12 sin(x21
x212τ ), f211 = 0.1 sin(x21x12 − 0.2),h211 = x21 sin(x21τx12),
f221 = x21e

0.2 sin(x21), h221=x21 sin(x11τx222), f112=0.9x11
sin(x21x12),h112 = 0.5 sin(x11τx22τ ), f122 = x11e

0.1 sin(x11),
h122 = x12 cos(x21x

2
12τ ), f212 = 0.1 sin(x21x12 − 0.2), h212

= x21 sin(x21τx12), f222 = 1.1x21e
0.2 cos(x21), h222 =

x21 cos(x11τx
2
22), and τ1(t) = τ2(t) = 0.1(1 + cos(t)2). Then,

the switched MIMO high-gain state observer is the same as
Example 1 in (77). To proceed, the parameters are chosen as
Li11 = 10, Li21 = 10, Li12 = 15, and Li22 = 15 such that
Ai1 and Ai2 are Hurwitz matrices. To proceed, one selects
Qi1 = 15I2 andQi2 = 10I2 with I2 = diag{1, 1}. Meanwhile,
the symmetric positive definite matrices are

Pi1 =

[
8.25 −7.50

−7.50 8.33

]
, Pi2 =

[
5.34 −5.00

−5.00 5.36

]

satisfying (9). Then, the output funnel controller design is the
same as Example 1 in (78)–(80). In Example 2, the design
parameters are taken as ci1 = 550, ci21 = 500, ci22 = 480,
ail = 8, �il = 50, γil = 10, ζi1 = 0.9, ζi2 = 0.8, �i1 = 1500,
�i2 = 1400, dil = 0.1, �i = 5, β = 10, and ri0 = 0.4 for i =
1, 2 and l = 1, 2. Then, it can be obtained by (51) and (52)
that μ1 = 3.82, υ1 = 20.05, μ2 = 3.41, and υ2 = 30.04. The
parameters of funnels are chosen as ρit0 = 2.5, ρiTf = 0.2, and
Tf = 1 for i = 1, 2. Based on Theorem 1, it can be concluded
that all the signals in the closed-loop system are bounded un-
der a category of switching signals with MDADT satisfying
τa1 = 0.79 ≥ lnυ1

μ1
and τa2 = 1 ≥ lnυ2

μ2
.

The initial vectors are provided as [x11(t0), x12(t0),
x21(t0), x22(t0)]

�=[2, 2, 1.5, 1]�, [x̂11(t0), x̂12(t0), x̂21(t0), x̂22
(t0)]

� = [0.5, 0.8, 0.1, 0.6]�, θ̂11(t0) = 5, θ̂12(t0) = 0.5,
θ̂21(t0) = 1, θ̂22(t0) = 1, ξi1(t0) = 0, ξi2(t0) = 0,
ϕi11(t0) = 0, and ϕi12(t0) = 0 for t0 ∈ [−0.2, 0]. The
reference signals are y1r = 0.4 sin(2t) + 0.5 cos(0.5t) and
y2r = 0.2 sin(t) + 0.5 cos(0.5t).

Motivated by [39], for i = 1, . . . , n, the following indices
are utilized to quantify and compare the performances for

TABLE I
COMPARISON OF INDICES FOR DIFFERENT CONTROL METHODS IN ε1y

TABLE II
COMPARISON OF INDICES FOR DIFFERENT CONTROL METHODS IN ε2y

Fig. 8. (a) System output y1, reference signal y1r , system state x12, and
estimated states x̂11 and x̂12; (b) system output y2, reference signal y2r , system
state x22, and estimated states x̂21 and x̂22 (Example 2).

Fig. 9. Output tracking error (a) ε1y and (b) ε2y of the different control
strategies in the prespecified performance funnel (Example 2).

the switched nonlinear MIMO-delayed systems under differ-
ent control methods: 1) Integral absolute errors are defined as
IAEi =

∫∞
0 |εiy(t)|dt, 2) Integral time-weighted absolute errors

are defined as ITAEi =
∫∞
0 t|εiy(t)|dt, and 3) Integral time

square errors are defined as ITSEi =
∫∞
0 tε2iy(t)dt. In addition,

to compare the proposed funnel control with classical control
methods (such as the backstepping control [15] and the dynamic
surface control [9]), the results of the tracking errors ε1y and ε2y
can be given in Tables I and II by using the above indices with
the same design parameters and initial conditions, respectively.
Simulation results are shown in Figs. 8 – 10 where all signals in
the closed-loop system are bounded. The comparison result of
the tracking errors ε1y and ε2y of the different control strategies
are shown in Fig. 9, respectively. Compared with other control
methods, the tracking errors under the proposed funnel control
have better transient and steady-state performance with reduced
oscillations in the prespecified performance funnels in Fig. 9.
Clearly, for the proposed funnel control, the values of errors
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Fig. 10. (a) Adaptive laws θ̂11, θ̂12, θ̂21, and θ̂22; (b) switching signal σ(t)
(Example 2).

ε1y and ε2y are smaller than those for other control strategies
by using the above indices from Tables I and II. Thus, the pro-
posed funnel control method achieves the control performance
in the prespecified performance funnels under the category of
switching signals with MDADT.

V. CONCLUSION

In this article, an adaptive fuzzy output-feedback funnel con-
trol scheme has been presented for a class of switched nonlinear
MIMO-delayed systems. By introducing the suitable multiple
Lyapunov–Krasovskii functions, all the signals in the closed-
loop system are semiglobally uniformly ultimate bounded with
a category of switching signals satisfying MDADT via the
switched command-filtered-based backstepping techniques. The
stability analysis shows the effectiveness and flexibility of
the output feedback control scheme. In contrast to the original
nonlinear or nondelayed switched systems presented in [7] and
[24], the adaptive fuzzy output feedback funnel control approach
extends for switched nonlinear MIMO-delayed systems. It is
demonstrated that the tracking errors can stay in the prespecified
performance funnels under a flexible switching signal with
MDADT although the effects of the time-varying delays.
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